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Abstract

This is a rough draft of notes for lectures which I am giving in Calcutta, provided for
the benefit of the students in Calcutta. The notes are deficient in many regards, not the
least of which is the inadequate referencing. If the notes are prepared for wider dissemi-
nation, this will need to be rectified. Part of this material was prepared in collaboration

with Kunszt, Melnikov and Zanderighi for a forthcoming review.
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1 Gamma matrices and the Dirac Eqn.

1.1 Definition of v matrices

Both representations satisfy the same commutation relations.

Y+ = 2¢" (1.1)
75 =iyt (1.2)
1 1
R =50 +75), =51 -7) (1.3)

1.2 Fierz transformation
5
Ao A = 3" as A 0 AY
j=1
where A()) = (17%“ 0“1,/\/5, '7#75,75) and 0, = %[%n%/]-

1 41 41 -1 +1
+4 -2 0 -2 —4
Nj=- |46 0 -2 0 6], (1.4)
—4 -2 0 -2 +4
+1 -1 41 41 +1

Using this relation it is easy to show that

(YuvL)32 ® (Vuye)1a = —(Vuvn)12 @ (YuvL)3a (1.5)

and that
(VuYRr)32 ® (YuyL)1a = 2(YRr)12 ® (YL)34 (1.6)

1.3 Dirac eqn. Massless fermions

e The fermions involved in high energy processes can often be taken to be massless.

e We choose an explicit representation for the gamma matrices. The Bjorken and
Drell representation is,

o (1 0 ;i (0 ¢ (01

The Weyl representation is more suitable at high energy

01 , 0 —ot 1 0
0 pr— ? p— . pr—
V= <1 0> V= <O’Z 0 > s V5 <0 _1> ) (18)

In the Weyl representation upper and lower components have different helicities.

w =g+ = (5 o) e —3a-m== (g ). a9



e Both representations satisfy the same commutation relations.

VY + A =2¢"

. i
e in the Weyl representation v+’ = <J Z> o are the Pauli matrices.

0 -o

(1.10)

In order to derive an explicit solution for the massless Dirac equation pu(p) = 0 it is
useful to write out an explicit expression for g = 7%p° — v1p! — v2p? — 43p3 in the Weyl

representation.
0 0 p+ pl _ ip2
s 0 0 pl + z'p2 p-
B p-  —pH+ip® 0 0 ’
—pt —ip? pT 0 0

where pt = p0 £ p3.
e The massless spinors solns of Dirac eqn are
VT 0
o A /p—eiﬂﬁp o 0
U+(p) - 0 ) u_(p) - \/Fe—i@p )
0 —\/pT

where

_ p1i2p2 n

Note that in the limit p™ = p' = p? = 0 these solutions become

0 0
2p° 0

ure) = |V ue) = | o)
0 0

In this representation the Dirac conjugate spinors are

@ (p) = ul (p)7° = [0,0,/p*, V/p-ei#r]
a—(p) = [ pmer, —/pt, 070}

e Normalization

ului =2p°

pt = p’ £pP.

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

Introduce a bra and ket notation spinors corresponding to (massless) momenta p;,

1=1,2,...,n labelled by the index 7

=) = ) = uelp) = ve(pi),
(= 07l = o) = =)

4

(1.18)
(1.19)



We define the basic spinor products by
) = G = Ty, ) = G0 = meou_(y).  (1.20)
The helicity projection implies that products like (i [j1) vanish.
(i+ 134 = i = lj=) = (i) = [id] = 0 (1.21)

(i) = —(7i), lig] = —[4i] (1.22)
It is appropriate here to comment on alternative notations. Since the left-handed

and right-handed spinors occupy different subspaces, we write them in terms in terms of
two-index spinors, (also called holomorphic and anti-holomorphic spinors).

= >= M\ar i+ >=(N)a (1.23)
In terms of these spinors we see that
k) = eP(A)alM)y
k] = e )aw)g (1.24)

where €2 is the antisymmetric tensor in two dimensions. The two different types of
indices, dotted and undotted, both run from 1 to 2. Dotted indices are only contracted
with other dotted indices, and undotted indices are only contracted with other undotted
indices.

1.4 Spinor products

We get explicit formulae for the spinor products valid for the case when both energies
are positive, p? > 0, p? >0

<Z]> = A /pi_p;'ei@pi — /p:'pj—elgopj — /|3ij eid)ij’
[Z]] = \/p;rpj_e_w”j — 1/pi_p;'e—i@pi = — |Sij|e—i¢ij (1.25)
where s;; = (pi +p;j)* = 2pi-pj, and

pip) —pip; pip) — pin;

CoS ¢y = ——m—=—n, sing;; = —F/———. (1.26)
\/Isiilpi pf \/si31pi v}
e The spinor products are, up to a phase, square roots of Lorentz products.
e For real momenta we have that (ij)* = [ji], Note, however, that for complex

momenta this is no longer true.

e The collinear limits of massless gauge amplitudes have square-root singularities;
spinor products lead to very compact analytic representations of gauge amplitudes.

By explicit construction we can show that

[B+)(C = | = |C+)(B —|=(C—[B+)r (1.27)

bt



(pg) = (p — la+), [pq]l = (p+la—)
(p = [yulpx) = 2p,
(p+lg+)=(p—lg—) = (pp) = [pp] =0
(pq) = —(ap), [pq] = —|ap]
2lpE) (g = [ = 3(1 £95)7"(q = |yulpE)
(pq)" = —sign(p - q)[pq] = sign(p - ¢)[qp]
[(pa) | = (pa) (pg)" = 2|p - q| = Ispg]
(pa)lap] = 2p - q = sy
P E Vs - Yz [9E) = (@ F Msznis - - Yo [PF)
PE Vs Vo l4F) = =@ £ Von -+ Y IDF)
(AB)(CD) = (AD)(CB) + (AC)(BD), (Schouten)
(A4 || BH)(C = W"|D—) = 2[ADKCB), (Fierz)

(Ax|V|BE) v, =2 | |[AF)(BF |+ |BE£)(A£]| |, (Fierz+ Chargeconjugation)

Table 1.1: Relations for massless spinors

Thus we get the Schouten identity
(A—|B+)(C —|D+) — (A—|C+)(B —|D+) = (C — |B+){(A — |D+)
or written more concisely,

(AB)(CD) — (ACYBD) = (CB){AD)
[AB][C D] —[AC|[BD] = [CBJ|AD] (1.28)

For polarization with momentum k& and gauge vector b

+ _ (ko)

e, (k,b) = iﬂw :Fu\k‘ﬂ:> (1.29)

Hence we have that
et (k,b) = (K A+ ulb+) e (k,b) = (k= yulb—) (1.30)

e V2(bk) T V2[kd) '
and
V2[Jk=)b = | + b+) 0k + |

et (k,b) = (1.31)

(bk)



VE|[k4+) b+ |+ [b-){k — |
g, (k,b) =

(0]

Different choices of the vector b correspond to different choices of gauge. Thus

(kA lyulb+) K+ [ulet)

€Z(k‘, b) - €Z(k> C) =

V2(ch)

= {k+\fyuyk+ Ycb) | = o (e

where we have used Eq. ([CZ1).

1.5 Charge conjugation

In QED we have
((—H’V“ + eAF)y, — m)zb =0

Taking the complex conjugate
((—z‘V” +eA")y, — m)w* =0
The equation satisfied by the charge conjugate state is
<(+z’V“ — eAl)y, — m) e =0
The operation of charge conjugation is therefore given by

wc = C’YOW

where the matrix C is determined up to a phase by the condition (C~%)y**(C~%)~

V2(bk) V2(ck)
_ [k:+|7“|b+ (ck) — (k + [yule+) (bk)

(1.32)

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)

Since for our representation y9y# *70 = 4# 7T the defining condition on matrix C' can

be written
C e = —4HT

We choose the phase such that

. io? 0
Cc = 17270:<0 .2>

—10

0 -1 0 0

_|+1 0 0 0
N 0 0 0 +11]°

0 0 -1 0

so that CT = C~! = —C For free particle spinors we have that

v+ (p) = Cuy (p),

(1.38)

(1.39)

(1.40)

(1.41)



1
U+(p) - \/p—+

1
0=

Do 1 1Py
—m

0

In this representation the Dirac conjugate spinors are

Note that

and that

and that

In summary

0

75 (p) = ul (P =

1

Vit

1

\/? [p:c + ipy7 _p+7 07 m]

[_m7 07 p+7p50 - Zpy]

> ua(p)aa(p)
A
> valp)oa(p)
A

UNg Uy

Un; Uy

= y+ml

= g—ml

vt

1

vt

[mv 07p+7pw - Zpy]

[p:c + ipy7 _p+7 07 _m]

[pm + ipy, _p+7 07 m]

[_m7 07 p+7p50 - Zpy]

(1.42)

(1.43)

(1.44)

(1.45)

(1.51)

(1.52)

(1.53)

(1.54)



Thus in the massless case we get

- A
p
1 Pz +1p 1 .
’p+ >= ———= Y 5 < P + ’ - 0707p+7p1‘ —1p (155)
vl V! ’
L 0 -
-0
1 0 1 . 1
- >= . , <p—|= z +ipy, —p",0,0 1.56
p 75 |pe —iny p—| \/pj[p Dy, —D ] (1.56)
| "]
A L R ki -
0 Eu( ’ )_ <bk> ( : )
N e L b k| L
Y 6;1,( ’ )_ [k’b] ( . )
1.6 Fierz+Charge conjugation identity
We want to show the identity,
V'@ (A —|yu|B—) =2||[A+)(B+ [+ [B—)(A — | (1.59)
it is helpful to make the indices explicit, so we can rewrite this as

The indices which are normally left implicit, have been added to the bras and kets which
remind us that these are four component objects. Eq. (CE0) can be written as two
separate equations

(YvR)ij (A=, kl(yuyL) | B—,1) = 2||B—,i)(A—, j|

(V*11)ij (A= kl(yuyp)ml B—, 1) = 2||A+,)(B+, j| (1.61)

It is easy to show that the first of these relations follows as a consequence of Eq. ([CH).
The second would also follow as a consequence of the same equation if we are able to
show that

(A= k|(vuvL)m|B—; 1) = (B+, k[ (v, Yr) k| A+, 1) (1.62)

We shall now show that this equation follows as a consequence of the relations obeyed
under charge conjugation by massless spinors.

u_ =Cul, uy =cCal (1.63)

9



S C
and hence that
ul = —Cu_ (1.64)
since C~! = —C = C7T. Thus for massless spinors we have that
s (pp)y us(pa) = —ul (pp)CTA*Cul (pa) (1.65)
Since from Eq.(38)
CTIMC = —(y")" (1.66)

this allows us to prove that
(A= [yu|B=) = (B + [ulA+) (1.67)

as well as the generalizations in Table [CT1

2 Applications of spinor calculus to tree graphs

For the most part we shall exploit the remarkable simplifications which come when we
consider only massless quarks.

21 55— W™ — et

Consider the process
e +c—v+s (2.1)

The matrix element is given by

_ (igw)® (=) o _ gy
M="— Pu(5en) (v —*le=) (s = [ralc—) = m@*ﬂ [ce] (2:2)
where Py (p) = p> —m% +imxDx and that is the answer. We can identify g3, /8/M3, =
Gr/V/2 by taking the low energy limit. We have assumed that all fermions, inlcuding
the charmed quark are massless.

Compare the calculation performed using the traditional method with the traces. The
matrix element is given by

M oca(v)y*yru(e) a(s)yayru(c) (2.3)

10



M2 = Te{ vy v Hs e dse
4 {ve + 0™ — g*Fe - v+ iy es}

X {54C8 + 53Ca — gapC - S+ i€a8pes "}
= 4de-cs-v (2.4)
where we have used
MPenppy = —2[9293 - glgi] (2.5)

Using the spinor method the ~-matrix algebra simply disappears.

2.2 Top production and decay

If we write down amplitude we get, say for a left-handed initial quark line.

Jwds 1 4 A _ Vi o
M = 212D (T)igis (T iyig (v — ¥ |e=) (e = [v"[7—=) (2 = [v*[3—)
X W(b) YRV (P + mu)Va(—P1 + mi)nyLv(b) (2.6)

where
D = Py(v+eé) Pw(v+e) Pp1) Pi(pa) (p2 + p3)*
Px(p) = p?>—m% +imxIx (2.7)
The tau’s are the colour matrices normalised so that
TrrdrB = 648 (2.8)

All sorts of factors of ¢ are missing, but since there is only one diagram, we don’t care.
(We are only keeping diagrams with two resonant top propagators). Using the Fierz
identity twice we get

2
M = % S )y (s, 2~ hl3)
G+) @+ +mira(—h +mlet) @ +o@) (29)

If we further create massless vectors p1, p4 out of p; and p4 by subtracting pieces propor-
tional to the vectors € and e respectively

2
~ my o _

= 2.10
pL=p1tg e (2.10)

2

. my
= 2.11
pa=pat g e (2.11)

we can further simplify this to read
1
M = gﬁ;gg D (TA)izig (TA)i1i4
V20 \V/2b - a{ —ei)d2)[34)de) + m2[e3)(2 e>} (2.12)

A remarkable simple result which treats the top quarks as on shell, but preserves all the
spin correlations. This calculation is given in [I]. A similar result can be produced for
the gg — tt process[I].

11



2 3 2 3

2.2.1 Homework assignment

Ref. [T] contains a serious mistake/typographical error. Find it!

2.3 eeyy

The relevant diagram is shown in Fig. We shall consider only the case of a left-handed
electron line.

1— (Y + Dsl4—) (A — |V + F)ld4-)
2.13
1221 MR ] (2.13)
Using Eq. (C3T) for the polarization vectors we obtain the result where both polarizations
are positive

M = (—z’e)2z’[<

- ot ot 4+
M1, 27,35, 4

)i (U b4 | {1513 101E2) )
2053 L (12)121] (13)[31]
(2.14)

Making the gauge choice by = b3 = 1 this gives zero. Inserting the case where the
polarizations are (+—) we get
—24e?

M7, 27,37,47) = (b 2>[3b3][

(162)[21](13)[bs 4] | (13){bs + [(¥ + F)|bo+)[24]
(12)[21] (13)[31]
(2.15)

Making the gauge choice by = 1, b3 = 4, the first diagram gives no contribution this gives

2 A3UEDRA L LBLR4 ., 247
MOASZS A = gy aspl 2 q2E1 - 2 Bapi]

(2.16)

In deriving the latter formula we have used momentum conservation. Note that the result
is of second degree in |2+) and |3—) as it must be for a (4-) amplitude, and also of first
degree in |[1—) and [4+).

In summary we find

N -1
M(17,25,37,47) = 2ie 3431
gt e gty o2 B4
M(17,27,3,,47) = 2ie BA2]]

M(1;,25,35,45) =0
M(17,27,37,45) =0 (2.17)

12



Changing the helicities of all particles can be obtained by () < [].
Including all four non-vanishing polarizations, we get for the spin-summed matrix

element squared.
SOIMP = set [ 22 4 2] (2.18)
o S12 813

3 Relations between tree amplitudes

3.1 Colour
There are two different conventions for the colour matrices.
[tA tB] _ ifABCtC
Tr (tA tB) 5AB
1
Zt 03 Opj — N dij O
fABC = —2zTr[tA,tB]tC (3.1)
It also convenient to define 7 = /2.
[TA,TB] — Z‘\/ifABCTC,
TT(TA, TB) = 548
1
A _A
ZA:Tij Tl = (52'1 5kj — N 5ij 5kl

FABC _ _ ' qyppA 1B)C (3.2)

V2

In the rest of these lectures we shall adopt the second convention. Let us now consider
the general colour structure for a tree-level n-gluon amplitude.

My = g" 2 N Tr(r%mrie@ %) m(o(1M),..., o(n™))
0=Sn/Zn

(3.3)

where S, is the set of all the permutations of n objects and Z, is the subset of cyclic
permutations. Thus for example we have,

My = g2T7‘ (701792793 704) (1)\1’2>\2,3>\3,4>\4)
+ 5 other permutations (3.4)

The color-stripped amplitudes are simpler than the full amplitudes because they receive
contributions only from a particular ordering of the gluons. Colour stripped amplitudes
have poles only in invariants made out of adjacent momenta.

13



We can do a similar decomposition for the amplitude with two external quarks and
n — 2 gluons.

My = g2 N (e ) m(10, 0 (2) . o((n — 1)), man)
0=S(n—2)

(3.5)

3.2 The quark-gluon scattering process

The Feynman rules for QCD are shown in Fig. Bl
As a further example of the use of spinor techniques we will consider the process

shown in Fig. ([B2).
0 — q(p1) +9(p2) + 9(ps) + q(p4) (3.6)

where the momentum labels are indicated in brackets

e We shall first decompose the amplitude interms of colour ordered sub-amplitudes.
The sub-amplitudes are gauge invariant

M (p1, ha;p2, has ps, ha; pa, ha) = (3.7)

g* e himy(hy, ho, ha, ha) + g% 49T my (h ha, hoyha) - (3.8)
2 4*]\72 -1 2 2 2 2

S IM[ = gt == [ N*(lma [+ [ma?) = |y + mo?| (3.9)

e subleading terms in N = QED. Colour ordered amplitudes are obtained by using
the relation

fFABC — —LTI‘[TA,TB]TC (3.10)

V2
to simplify diagrams containing the three and four gluon vertices and by also using
the SU(N) crossing relation

1
ZT{? Tlﬁ = 0;1 Okj — N 0ij Okt - (3.11)
A

e Simplify the calculation by astute choice of the reference momenta. calculate mq
only, the positive helicity quark line

(@ _ —1t (th + #2)

myT = <p1+|¢27<p2p1>[p1p2]¢3lp4+> (3.12)
m) = 0 (3.13)
© _ —i

M (p2p3) [p3p2]

(223 (P +Hlpa+) + 25 P2 (1, +slps +)

— €2-p3 <p1,+\¢3!p4,+>] (3.14)

14



A B,3

A B
................. > .

ai b.j
R

a_g
ap 1
5" [—g +(1-A) pzp. ] 21.
p +ie  p +ie

(P—m-+ie)y

—g £7[(p—q)" g +(q-1)"g""+(r—p)°e"]

(all momenta incoming)

—ig" ot [ -g"e"]
. R c af yé ay @6
—ig” £ [ - e™]
_lgz fX.A.Bf)(CD [ga‘ygﬁd_gadgﬁ‘y]

C a
ngBq

—ig (tA)cb ('}’a)ji

Figure 3.1: Feynman rules for QCD
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I S o
P1 P4 99)
(a) (b) (c)

Figure 3.2: Feynman diagrams for the process ¢ — ggq.

When the helicities of the two gluons are the same we shall choose the two reference
momenta bg, b3 to be the same; it then follows that €5 -3 = 0. For the positive
helicity case we choose by = bs = p4 so that

72 pa,+) = #Fpa, +) =0 (3.15)
None of the diagrams contribute to mq(+,+,+, —). A similar simplification occurs
for the my(+, —, —, —). choosing by = b3 = py.

For the mixed helicity case it is convenient to choose by = p3 and b3 = po, so that
€9 -3 = g9 -p3 = €3 - po = 0. The full result comes from the first diagram alone

mi(17,25,37,47) = 0 (3.16)
mi(17,25,3,,47) = 0 (3.17)
o (34)3(13
mi(17,25,3,,47) = —z<12><<23>><<34>><14> (3.18)

_ . [13]3[34]
mi(17,2,,35,47) = z—[12][23][34][14] (3.19)

We have calculated the quark gluon scattering matrix element in an non-Abelian
theory, with no net contribution from the diagram involving the three gluon vertex.
Its effect is completely fixed by gauge invariance.

The non-zero amplitudes mo can be obtained by Bose symmetry.

- 12]%[24]
15,285,347 e 2
m2(le:2580-4) = M E ] (3:20)
_ _ 24)%(12)
15,2,35,47 i 21
ma(lg:29:35+47) “13)(32)(24) (14) (3:21)
(3.22)
Because of the parity invariance of the strong interactions we have that
m(h1, he, h3, hy) = m*(—h1, —ha, —h3, —hy) (3.23)
The final result for sum of the squared amplitudes
N2 —1) tu u t
MP =gt N =D e oty gt 24
> IMP = 2g —— [N?(1 - 25) — 1] (5 + 5) (3.24)

c,h

where we have defined s = (ps + p3)?,t = 2p1.p2, u = 2p1.p3.

16



3.3 Three point vertices

By direct insertion of the Feynman rules we have

AQE2.38) = —zﬁgwl)m% =—N§g<t“1>z-3i2[[12—33] (3.25)
2
A(y.2.38) = —z’ﬁgwl)m% =—iﬂg<tal>i3i2% (3.26)

where [t t92] =  f*19293¢93 By the same token we have that, (choosing the gauge vector
b the same for all polarizations,

A(17,2,,35) = gf"%% ey - e32e1 - py — €1 - €22€3 'pz]
_ arazas (20)°[31][b2] arazas_|13]°
= VIt emen =V eang
. a [13)°
= —ivV2g(F )aaazm (3.27)

where (F1), . =if®%% so that [F'%, F92] = f@19293 [a3,

A(1,2,,35) = gf"%% ez €126 p3 — €2 - €32€1 '293]
_ alasas [3 b]2
= VR oy (1923 - (26)(13)
_ arazas 3°(12) arazas_ (12)°
= V2f 12 ~Vauf (23)(13)

(12)°

V29 g (3.28)

(23)(13)
These three point vertices can only be defined for complex momenta, since we have
p1-p2=p2-p3=p3-p1=0 (3.29)

Thus for example we have that in Eq. B2H), (12) = (23) = (31) =0.
If we were to take the fermions in the adjoint representation

(tal )i3i2 - (Fal)agaz (3.30)
we would have that
- a2
A(ly,25.35) = —A(ly. 2, 73;)@
- _ [13]
A(l;—, 2!] ’3;—) = +A(1;—7 217 73[—;)@ (331)

17



3.4 Susy relations between amplitudes

We would like to use supersymmetry to relate tree amplitudes in QCD graphs. The
material in this section is taken almost verbatim from Mangano and Parke, ref.[2]. We
encourage the students to look at ref. [2] for a definitive treatment.

Since QCD is not a supersymmetric theory, why should QCD amplitudes be related by
supersymmetric transformations? The answer is that once the colour degrees of freedom
have been stripped off, there is no difference between a massless quark and massless
gluino.

We will obtain relations based on the commutator of a global supersymmetric charge
with a string of field operators. We assume that the supersymmetric charge annihilates
the vacuum, so that

0 = ([Q,¢10203...94])
([Q, 1] p203 ... Pn) + (91[Q, P2] ;3. Pn) + ... (3.32)

So we need the commutators of the SUSY charges with gluons g and gluinos A. We
multiply the supersymmetric charge @ by Grassman spinor parameter to obtain Q(n).
Then Q(n) acts on the doublet (g, A) as follows[3, 2]

Q). g5 (p)] = FTIE(p,n) AT, (3.33)

[Q(n),A*(p)] = FIF(p,n)g* (3.34)

I'#(p,n) is a complex function linear in the anticommuting c-number components of 7
and satisfies:

I (p,n) = [~ (p,n)]" = 7 u_(p), (3.35)
The function T has its form constrained Jacobi identity
[[Q(), Q(E)], o] + [[Q(E), 8], Q)] + [[¢, Q()], Q(§)] = 0 (3.36)
Since [Q(n), Q(€)] = 2i7iPE we derive the relation
U (kD (k, &) + T~ (k, )T (k,€) = —2inPE (3.37)

with u_(p) a negative helicity spinor satisfying the massless Dirac equation with mo-
mentum p. Because of the arbitrariness in choosing the supersymmetry parameter 7,
we choose this to be a negative helicity spinor obeying the Dirac equation with an ar-
bitrary massless momentum k times a Grassmann variable §. @ implies that T'F(p,n)
anti-commutes with the fermion creation and annihilation operators and commutes with
the bosonic operators.

T (p, k) =TF(p,n(k)) = 0k + |p—) = 0 [kp]. (3.38)

As a notation, we choose to label the supersymmetry charge Q(n) with the momentum
k characterising the parameter n: Q(k) = Q[n(k)]. We can now operate with Q(n) on s
string of gluon and gluino fields and take the vacuum expectation value.

0 = ([@Afggd - 95]) =T (p1,k) Algi .93, 97)
+F+(p27k7) A(AT7A;—7>97T) +ee +F+(pn7k) A(Ai‘_,g;, aA;iL—) (339)
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Since all of the amplitudes involving gluinos A vanish, we conclude that gluon amplitudes
with all helicities the same must be zero.

To prove a similar theorem for amplitudes with one helicity flip, let us consider the
following identity:

0 = ([QATgr 98 ...9%]) =
— ' (p1,k) A(gf,g;,...,g:{) + ' (p2, k) A(AT,AQ_,...,g:). (3.40)

In the above equation we have dropped all of the amplitudes with both fermions having
the same helicity, which must vanish by helicity conservation. Eq. (B40) must be satisfied
for any choice of the vector k, and in particular we can then choose k = po, proving
that the gluonic amplitude must vanish, or £ = py, thus proving the vanishing of the
amplitudes with the fermion pair.

For the maximally helicity violating amplitude we have (g, , g5 , ggr yo- oy g), with two
negative-helicity gluons and n — 2 positive-helicity gluons where all of the particles are
outgoing.

I (p1, k) AAT 95, AT i - g7) + T (2, k)A(97 , A5 AT g1 ..., g))

— T (p3,k)A(97,95,95 -+, 9n) = 0. (3.41)
Choosing, for example, k = p; we therefore obtain the following relation:

(12)

—~

We can now apply this theorem to the specific four parton case that we have calculated
in the section. For the two quark, two gluon case we obtain from Eq. (BI8) (performing
the swap (1 < 3,2 < 4) that

(12)°(31)

mi(1y,27,35,4F) = —i<34><41><12><32> (3.43)

Hence the result for the four gluon helicity amplitude is,

: 12)*
mi(1,,25,37,45) = —z<12><2<3><>34> o (3.44)

This is the only non-vanishing amplitude for the four gluon case.

3.5 BCFW

We have seen that Supersymmetry has allowed us to calculate simple gluonic amplitudes
by relating them to amplitudes involving gluinos (ie quarks) and gluons, with the same
number of external legs. We now want to illustrate the technique for something more
ambitious, namely sewing together on-shell amplitudes to produce tree graphs with larger
numbers of legs[]. Rather than describing the on-shell recursion in detail, we shall decribe
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999 9499

m(1-,27,3%) (12)3 _(12)?

(23)(13) (23)
_ [133 [13)2
m(17,27.3%) | mapy | my

Table 3.1: Relations between color-stripped amplitudes for different three parton processes

9999 9499 QqqQ

— 6— (12)3 (12)2(13) (12)2

m(l 2 ’3+’4+) (23y(B34y(a1)y |~ (23)(34)(a1) |  (23){a1)
m(l_,2_,3_,4+) 0 0 0

Table 3.2: Relations between color-stripped amplitudes for different four parton processes

the opposite process, effectively decomposing the 4-gluon MHV amplitude (Eq. (B244))
into the product of two on-shell three gluon momenta, but at shifted momenta.
We define the shifted momenta 1 — 1,4 — 4 as
5\1 — :\1 + Z:\4
)\4 — /\4 — Z/\1 (3.45)

Because /N\j = |jl,Aj = j), in the bra ket notation this is equivalent to

B R(2)

Ky — k‘g(z)

+ 5 (1h"4]

=k 4z
— K — 21 14] (3.46)

m
1
w
4

This makes the external momenta ki and k4 complex, but preserves overall momentum
conservation. In addition the vectors kj, kj; are still lightlike. We indicate these shifted
z-dependent momenta by putting a hat over them.

Furthermore we have the following behaviour of the spinor products under this shift

2ki ko = (2)12] = (12) {[21] + =[24]}
2k; ks = (3lK13] = {{43) — 2(13)}[34]}
Ui - ky = 2ki-ky = (14)[41] (3.47)

Now consider our 4 gluon result, Eq. (844

(12)!

AQT 20800 = gy Ay

(3.48)
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but with the shifted momenta,

i2)*
Alz) = A(17,27,3%,47) = —i(i 2><2<3><34><21 o (3.49)
But from Eq. (BZ7) we have that
(12) =(12), (14)=(14), (34) =(34) —2(31) (3.50)

and any shift in the [i j] are irrelevant since our formula only depends on (i j). Thus we
find

Z. (2)*
(12)(23)((34) — 2(31))(41)
Now if we divide this function A(z) by z we get two poles, at z = 0 and at z =
(34)/(31). The residue at z = 0 corresponds to the original unshifted amplitude. The
other residue corresponds to the case where an intermediate propagator is on shell, be-
cause we have that (k3 + k4(2))? = (34)[43] = ((34) — 2(31))[43] = 0. Thus if we take
contour integral

Alz) = — (3.51)

1 [

3 AR (3.52)

If the circle at infinity gives no contribution, we obtain

A(z)]

z

A(z:O):—ZRes

poles

(3.53)

In this case we only have one pole (apart from the pole at z = 0), and the contributions of
the two residues are equal and opposite because the contour at infinity gives zero. Since
the second pole corresponds to the vanishing of an intermediate propagator, the full result
factorizes about this pole into the product of two three point amplitudes multiplied by a
scalar propagator.

We have thus managed to write the 4 point amplitude as a product of the two on-shell
three point momenta at complex shifted values

—1
Resf

A(z = 0) = —Az(—k3,,37,4%) GIA3

A3(i_7 2_7 ]%?—)tl)

A(z=0) = Ag(—/;;l,e,tzﬁ)m

A3(i_72_7l%?—)tl) (354)

Putting in explicit expressions for the three point amplitudes we obtain,

B [34]* i —(12)*
AE=D = (3 4[4 kiga][sq 3] BO43] (12)(2ksq) (hga 1)
—[34]*(12)® —i
(1 (ksa)13](2] (ksa) 4] (34)[43]
. (12)*
223 (34)(41) (3.55)
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In performing this last step we have used the identities that

(1[1%34|3] = (B +4)[3] = (14)[43]
@l(ksa)[4] = QI3 +4)4] = (23)[34] (3.56)

which are evident from the shifts Eq. (828 which do not change A; or Ay. We have thus
recovered our original MHV amplitude, but we have shown that is can be calculated as a
product of three point amplitudes with shifted external momenta, connected by a scalar
propagator. This illustrates the essence of the BCFW on-shell recursion relations.
The result for the n-point MHV amplitude can be derived using BCFW recursion.
(12)°

M(7,27,8% . (n =) n) = @3 = T D) (3:57)

4 One loop diagrams: the traditional approach

4.1 Scalar Integrals

I m /dd
1(m1) WQTF —ml—l—ze)
1
I :m3, m3 we /ddl - —,
snmim) = | N e e )
d/ 2 2 2. 9 9 9 =
I3(p1,p2,p3;m1,m2,m3) = T a
m2re
/ddl !
(12 = m3 + i) ((1 + q1)? — m3 +ie)((l + q2)? — m3 + i)’
d/ 2 2 92 9 2 9 9 9 pt
[4(p17p27p37p4;3127323;m17m27m37m4) = . d
12Ty
/ddz !
(2 —m2 +ie)((L+ q1)2 — m3 +ie)((l + g2)2 — m3 +ie)((l + g3)% — m3 + ie)’

(4.1)

where ¢, = > ; p; and go = 0 and s;; = (p; +pj)2. For the purposes of this paper we
take the masses in the propagators to be real. Near four dimensions we use d = 4 — 2e.
(For clarity the small imaginary part which fixes the analytic continuations is specified
by +ie). u is a scale introduced so that the integrals preserve their natural dimensions,
despite excursions away from d = 4. We have removed the overall constant which occurs
in d-dimensional integrals

M1-el(l+e 1 v ol

T(1-20)  T(l—¢ & O() =1-ey+¢ [7 - E} +0().  (42)

=
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Feynman parameter identities are also useful; we have

1 _ Dle+p+...9)
A“ BB F¢ — T(a)(3)...T(9)

1
/ day das ...day, 6(1 — a1 —ag... —ay)
0

X

a—1 p-1 d—1
allay ...ap

(Aay + Basg + ... + Fay,)ot0+-+¢

(4.3)

We shall process this integral using the fundamental formula for one-loop integrals

given here,
/ dek kz)T =
in? k:2 +C —

) e (7‘+d/2) (m—-—r—2+¢)
[C — ZE]2+ T(d2) () (4.4)

After Feynman parametrization and integration over d”l, we have for the triangle
and box integrals

2EF 1+ E Z ak)
1P (93, 3, pB 3, m3, m3) = H / dak z R (4.5)
a;a;Y;: iE]
2,7 ) ij

p2T(2 + €) 5(1
I4 (p17p27p37p4a8127323am%7m%7m§7m421) - /da
T
i=1 |:Z -

= 2k )

. ]2+E’

a;Y;; — i€

(4.6)

where Y is the so-called modified Cayley matrix

1
Yij = 2 |:m12 + m? —(qi—1 — qj—1)2] . (4.7)

4.1.1 Dimensional Regularisation

In the intermediate stages of the calculation we must introduce some regularisation pro-
cedure to control these divergences. The most effective regulator is the method of di-
mensional regularisation which continues the dimension of space-time to d = 4 — 2¢
dimensions [b]. This method of regularisation has the advantage that the Ward Identities
of the theory are preserved at all stages of the calculation. Integrals over loop momenta
are performed in d dimensions with the help of the following formula,

/ dk (—k2)" _
@m* [ g2 +C’—i€]m

i(4m)e
1672

iE]2+T_m_E F(T + d/2) P(m —r—2+4 6) )

©= T(d2) )

23



ky—plane

Figure 4.1: Wick rotation in the complex ky plane

To demonstrate Eq. X)), we first perform a Wick rotation of the kg contour anti-
clockwise. This is dictated by the ie prescription, since for real C the poles coming from
the denominator of Eq. ([E8) lie in the second and fourth quadrant of the ky complex
plane as shown in Fig. LTl Thus by anti-clockwise rotation we encounter no poles. After
rotation by an angle 7/2, the kg integral runs along the imaginary axis in the ko plane,
(—ioo < ko < i00). In order to deal only with real quantities we make the substitution

ko = ikg,k; = r; for all j # 0 and introduce |k| = \//{% + K3 ...+ k3. We obtain a
d-dimensional Euclidean integral which may be written as,

/ddlﬁl f(&Y = /d’lﬁ:‘ f(2) k|4 sin? 20, sin? 20,5 ...
X sin 92 d@d_lded_g A d@gd@l. (49)

This formula is best proved by induction. The range of the angular integrals is 0 < 6; <7
except for 0 < 6; < 27. The angular integrations, which only give an overall factor, can

be performed using
. r(0)
df sin?f = /r———L.
o= iy

We therefore find that the left hand side of Eq. (@8] can be written as,

(4.10)

23 o
(47r)d/2F<d/2)/0 o w2+c]"

This last integral can be reduced to a Beta function, (see Table ETI)

d+2r—1
Ll (4.11)

x z* P52 Dl = 8/2 = 1/2) upoirjo-
da _ c* m 4.12
/0 [:ﬁ + C] 2 I'(m) -

which demonstrates Eq. (LF]).
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[(z) = [;° dte 't}
2I(z) =T (2 4+1)

22271

——T()(z+3)

['(2z2) =
['(n+ 1) = n! for n a positive integer

I'(1) =1, P(%) =T

B(a,b) = fol do z%7 (1 — x)’1

B(a,b) = [ dt 5 for Rea,b>0

(1+4t)atd

T'(a)I(b
Ba,b) = r((3+§;))

Table 4.1: Useful properties of the I' and related functions
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4.1.2 Landau conditions

The necessary conditions for eqs. ([EHELG]) to contain a singularity are due to Landau [6,[7].
If we introduce the bilinear form d derived from the modified Cayley matrix, cf. Eq.(ESHl)

d= Z aianij N (413)
1,J

eqs. (B0 Q) contain singularities if d = 0 and one of the following conditions is satisfied
for all values of j

. od
either a; = 0 or 87% =0. (4.14)
Since d is a homegeneous function of the a; of degree two, we have that
od
i =2d 4.15
e (4.15)

So the conditions in Eq. ([ET4) also imply that d = 0.

4.1.3 Soft and collinear divergences

The class of solution, which is of interest here, is the case where the external virtualities
and internal masses have fixed values and the Landau conditions have solutions for ar-
bitrary values of the other external invariants, s;;. Only these solutions will lead to soft
and collinear divergences which are relevant for next-to-leading order calculations.

Figure 4.2: Examples of triangle diagrams with divergences.

As an example we consider the triangle shown in Fig. ([EZh) which contains a soft
singularity. In this case the denominator is given by

D= Z a;a;Y;; = (m3 +m3 — p3)asas + mia3 + m3a3. (4.16)
2%
This expression satisfies the Landau conditions for as = a3 = 0 and a; arbitrary. A

second example is the triangle shown in Fig. ({Zb) which contains a collinear singularity.
In this case the denominator reads

D= Z a;a;Yi; = (m3 — p3)agaz + (m3 — p3)ajaz + mia3, (4.17)
Z"j
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which satisfies the Landau conditions for ag = 0 and aq, as arbitrary.
From the Landau conditions it follows that a necessary condition for a soft or collinear
singularity is that for at least one value of the index ¢ [§]

Yit1iv1 = Yig1i12 =Yi1, =0, soft singularity, (4.18)

Yii=Yit1i41 =Y;i+1 =0, collinear singularity . (4.19)

The indices in eqgs. (I8, ELT9) should be interpreted mod N, where N is the number of
external legs. Thus the structure of the Cayley matrices for integrals having a soft or
collinear divergence is as follows

0o ...
o 0 0 ... ... 0 0 ...
szoft = 0 ; Y;:ollinoar = 0 0 . (420)

In order to have a divergence, we must have at least one internal mass equal to zero, i.e.
at least one vanishing diagonal element of Y.

4.1.4 Scalar Integrals

Here we give an example of the result a scalar integral regularized by dimensional regu-
larization, d = 4 — 2e.

2¢
1P(0,0,0,0; 12, 523;0,0,0,0) = —-
512523
2 —€ —€ 9 [ —S12 2
x {6—2((—812) + (—s03—) )—m <?23>—7T}—|—(9(e). (4.21)

This result is taken from [9]. A basis set of scalar one-loop integrals has been presented
in ref. [I0]. In addition there is a numerical code, called QCDLoop that returns the
numerical value of any one-loop integral as a Laurent series in 1/e. Thus the problem
of one-loop integrals can be cansidered as completely solved, at least as far as NLO
calculations are concerned.

4.2 Passarino-Veltman

Tensor loop integrals can be reduced to sums of scalar integrals using the Passarino-
Veltman decomposition. As an example consider the form factor decomposition of a
simple rank 1 triangle diagram.

d"l " C
| s ey (@) e
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/ d"l i

2m)m (12 = m3)((L+ p)? = m3)((L + q)* — m3)
Ciu

Cao

C12

Coo

= (" o"¢" ("¢ +¢"p") ") (4.23)

We can solve for C, Cs by contracting with the external momenta, p, q.

(B)=(Ei)=c(@)=(3na)(a)  w

where the notation is [2] - p] = f (dnl lg(l+p 2(l+q)2 by expressing 21 - p, (2 - ¢q) as a sum of

denominators 2 -p = (I + p)? — I — p? we can express R;, Ry as a sum of scalar integrals

Solving we get
Ci\ _ 1 R
< o, ) =G < Ry ) (4.25)

G is the Gram matrix

2p-p 2p-q> 2 2 )
= , Ao(pg) =G =4 —(p- 4.26
(S22 20). M) =6l = 40P~ (e0®) (20
< 2q-q —2p'q>
—o. 20 .
Gl=2FI 27 (4.27)

Aa(p, q)

Thus the solution is C' = G~'R This solution appears to have a problem when p || ¢
and the Gram determinant vanishes; the original tensor integral had no special problems
when p || g.

G can be diagonalized by an orthogonal transformation G = ODO”, D = diag{\y,\_}
Defining modified form factors C’ and inhomogeneous terms, R’ by the transformations
C'=0TC, R = OTR, we have the solution:-

( gi ) N ( 1/3+ 1/0A_ > < gi ) (4.28)

In the singular region one of the eigenvalues, say A_ will vanish

4.2.1 Singular region

Now consider the approach to the singular region by setting q, = xp, + J, and keeping
only the leading terms in §. The eigenvalues are

2(0°p” — (6-p)°)

A =20° (L4 £, A= |G| = 4(6°p* — (8- p)?) (4.29)

P*(1+k?)
A_ vanishes like O(6?) The matrix of eigenvectors is
1 1- ﬁ K+ ﬁ
V14 k2 ( K+ W -1+ m
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[#

/ (j;)l" P +p)*(+q? (7h ) < gi >
=(pL%J<1@+1£_><Z>

The momentum corresponding to the singular eigenvalue is

g, = —0, + % = 0(5) (4.31)

Ry ~ k[2l - p] —[21 - q] ~ O(6) (4.32)

As expected the result for the tensor integral is finite in the limit 6 — 0, but the vanishing
of R is not manifest; it is realized as a property of a combination of scalar integrals. One
approach would be to work in the primed basis, which would thus differ for every phase
space point. (Numerical problems halved?)

4.3 Rational terms by PV reduction

The rational part is related to the ultraviolet behavior of the theory; the naive expectation
is that the better the UV behavior, the “smaller” the rational part. When the integral
is free from the rational part, it is said to be “cut-constructible”. A natural expectation
is that the rational part is absent in UV-finite integrals. As we explain below, this
expectation turns out to be wrong; the correct result is that a Feynman N-point integral
is cut constructible, provided that tensor rank, r, of the integral satisfies the following
condition [IT]

r < max{(N —1),2}. (4.33)

The condition is illustrated in Fig. B3 If this condition is violated the integral will
contain rational parts. Explicitly, Eq. [@33]) implies that the UV finite rank-two four-
point function is cut-constructible, whereas the UV-finite rank-three four-point function
is not.

In this section we give an proof of the condition that an integral has to satisfy for being
cut-constructible, Eq. @33). This proof is based on the Passarino-Veltman reduction.
We will proceed case-by-case for the two-, three- and four-point integrals which occur in
a renormalizable theory. The extension to higher point integrals will be performed at the
end. We first note that the Passarino-Veltman decomposition described in Section 77
and 77, yields the coefficients of the scalar integrals Dy, Cy, By, Ag for arbitrary values of
the number of dimensions. Since the rational terms are related to UV singularities they
will show up at the end of the reduction as terms of the form

Rational terms ~ eBy(p, m1,m2), (4.34)

because By is the only UV divergent scalar integral. Such terms can only arise if the
reduction involves the dimensional parameter D. This means that integrals of rank r less
than two will always be cut-constructible, since their reduction coefficients are always D
independent. Ultraviolet divergent integrals of rank two or greater (e.g. Djjii, Ciii, Cis, Bii)
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Figure 4.3: Diagram showing tensor N-point integrals of rank r. Integrals shown by bullets
(red) are cut-constructible, integrals denoted by stars (blue) contain rational terms. The UV
finite integrals lie beneath the solid (green) line, whereas the cut constructible integrals lie

beneath the dashed (purple) line.

will on the contrary give rise to rational parts. Thus it only remains to discuss the
ultraviolet finite integrals D;;;, D;;. The integral D;; contains a UV-divergent integrals
of rank greater than two in its reduction paths, D;; — Cj;, see Table 7?7 and hence will
have a rational part. This leaves the special case D;;, a finite integral which can contain
a UV divergent integral in its reduction path, namely Bg. However since the starting
integral is UV finite, the UV poles all cancel. Moreover the coefficients of By are all
e-independent, since the only D dependence enters through Dy, which does not contain
By in its reduction path. Hence the rank-two, four point integral is cut constructible.

In a renormalizable theory the higher point functions are not UV divergent. Moreover
the most UV singular terms in their reduction paths reduce both N and r by one unit.
Therefore the reduction paths of these UV finite integrals can only generate a rational
part if the rank of the integral has » > N — 1. This observation extends Eq. [@33) to N
greater than 4.

4.4 The importance of the van Neerven - Vermaseren basis

The material in this section is taken from a forthcoming review, [T2]. On-shell scatter-
ing amplitudes in gauge field theories are gauge-invariant. A practical version of this
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statement is that an on-shell scattering amplitude evaluated with the polarization vector
of a particular gauge boson substituted by the momentum of that gauge boson must
vanish, when all the other gauge bosons have physical polarizations. This provides both
a constraint on the form of the amplitude and a powerful check of the computation.
However, it is well-known that in complicated cases that involve high-point scattering
amplitudes, demonstrating this cancellation analytically is non-trivial. One reason why
such complications arise is the dimensionality of space-time since it implies that for high-
point amplitudes external momenta are not linearly independent. In four dimensions, the
“dimensionality constraint” can be stated in the form of the Schouten identity

Qa€B8v6) = 43€arsA T Qy€BasA T 45€8var T ArEBysa s (4.35)

which follows from the vanishing of the totally antisymmetric rank-five tensor in four
dimensions.

Since these constraints are not implemented in the Passarino-Veltman procedure, it is
usually not easy to demonstrate gauge cancellations in that framework. Vermaseren and
Oldenborgh pointed out that constraints related to the dimensionality of space-time can
be conveniently implemented if the loop momentum is written as a linear combination of
appropriate basis vectors [I3]. We call this set of vectors the van Neerven - Vermaseren
basis [T4]. In addition to making the gauge-independence of one-loop amplitude more
transparent, this basis turns out to be very convenient for an easy proof of Eq.(??) which
states that any one-loop integral can be written as a linear combination of four-, three-
, two- and one-point scalar functions. Moreover, the van Neerven - Vermaseren basis
proved to be very fruitful for understanding a number of important results that concern
the reduction of tensor integrals and the applicability of the generalized unitarity. Below
we summarize some of the results obtained using the van Neerven - Vermaseren basis.

First, in four dimensions, simple algorithms were derived for the reduction of tensor
integrals to the linear combination of box, triangle, bubble and tadpole scalar integrals.
The number of terms generated in this process has been reduced in comparison with
the standard Passarino-Veltman reduction procedure. Second, using the van Neerven -
Vermaseren basis, it is straightforward to show that in four dimensions the scalar five-
point Feynman integral is given by a linear combination of scalar box integrals [15 [I4].
Third, using the van Neerven - Vermaseren basis it is easy to understand that in four
dimensions the integrand of any one-loop Feynman diagram in any renormalizable theory
is given by a linear combination of quadruple, triple-, double- and single-pole rational
functions with the numerator of a very restrictive form. Finally, employing the van Neer-
ven - Vermaseren decomposition, it is straightforward to find the loop momenta that
satisfy quadruple, triple-, double-, and single-cut on-shell conditions. These features of
the van Neerven - Vermaseren basis make it important for the construction of the tech-
nique of generalized D-dimensional unitarity. Because of that the following subsections
are devoted to its detailed explanation.

4.5 Physical space of inflow momenta and transverse space

We consider a N-particle scattering amplitude in a renormalizable quantum field theory in
D-dimensional space-time. Such an amplitude can be computed from relevant Feynman

31



Figure 4.4: Generic diagram

diagrams, each given by an integral over the loop momentum [ of an integrand function.
We study one of these Feynman diagrams and imagine that it has R loop-momentum-
dependent propagators. The integrand Zy is a rational function of the loop momentum
[ given by the product of R [-dependent scalar inverse propagators d; and a polynomial
in [ of rank r < R.

NI(p17p27 cee ,pN,l)

In(p1,p2,-..,pN|l) = ddy (4.36)
The amplitude has a set of R outflow momenta, ki,...,kr. The outflow momenta are
either equal to the external momenta p;, or are given by their linear combinations
N R
di=(+q)—mi, ki=q—q1, k= Zaijpj, Z k; =0, (4.37)
j=1 i=1

where «;; are diagram-specific numbers. We call the vector space spanned by the outflow
momenta the physical space. We emphasize that the dimensionality Dp of the physical
space changes from diagram to diagram. Accounting for the momentum conservation
R

k; = 0, we obtain

i=1

Dp =min(D,R — 1), (4.38)
which implies that for R < D, the dimensionality of the physical space is smaller that the
dimensionality of space-time. Authors of Ref. [T4] exploit this observation by defining an
orthonormal basis — the van Neerven - Vermaseren basis — that naturally describes the
D-dimensional space split into a Dp-dimensional physical space and a Dp-dimensional
transverse space. Dimensionalities of various spaces satisfy obvious constraints

D =Dp+ Dy, Dp=min(D,R—1), Dr =max(0,D — R+1). (4.39)
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If R > D, the transverse space is zero-dimensional.
To define the van Neerven - Vermaseren basis we introduce the generalized Kronecker

symbol [13] [

s sl
Lyl Ly Ty
gz n — | T S (4.40)
sim gt gm
the compact notation
klio--- _
opte b = oy kg7 (4.41)
and the R-particle Gram determinant
A(kh k27 T 7kR) = 5]@1];...]@;; . (4'42)

Note that for R > D + 1 the generalized Kronecker delta vanishes. For the special
case D = R the Kronecker delta factorizes into the product of two Levi-Civita tensors
O = ekb2brg, o . If the number of outflow momenta is small, we can write

the Kronecker deltas explicitly

OiLh? = ky - qu 672 — k1,007 = k- quka, — k2 - qu kg,

ap
Tpam = k1 @1 0q2g? — k- 42 628 + K1 - 43 8¢%7
= ki-q1(k2-q2ks-q3—ka-q3ks- q) (4.43)

—ki-q(ka-qiks-q3—ka-q3ks-q1)
+ki-q3(k2-qiks-q2— ko qks-qi).

We can use the Kronecker §-symbol to construct the van Neerven - Vermaseren basis
for the physical space D,. We define the basis vectors

ki..ki—ipkiy1..kpp
ki..ki—1kikiy1..kpp

Aki, .. kD)

vl (k1,...,kpp) = (4.44)

with the properties v; - k; = 9;; for 7 < Dp. When R < D we also need to define the
projection operator onto the transverse space

ki--krp_1v

v _ ki..kr_
wy” (ky, ... kpo1) = A(kllf,;;_l) : (4.45)

! This notation is closely related to the asymmetric Gram determinant notation of ref. [16],

kl k
Ie. R :5k1k2”'kR
q1492-"qr °

qa - 4R
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with the properties w,#* = Dr = D +1 — R, Kt wyy = 0 and w’w*” = w*”. We note
that w*” is the metric tensor of the transverse subspace, amenable to decomposition

wh = Z ntny. (4.46)

The D + 1 — R orthonormal basis vectors of the transverse space n; have the properties
n; - n; = 0;5, n; - kj = n;-v; = 0. The full metric tensor decomposition in the van
Neerven-Vermaseren basis is given by

Dp Dp Dr
g’“’:Zkfvf+w“”:§:kfvf+2nfﬂf . (4.47)
i=1 i=1 i=1

Note that the right hand side of this equation is, actually, a symmetric tensor since, by
explicitly writing the generalized Kronecker delta-function using k; vectors, one can show
that the following equation holds

Dp Dp
S Hwr =Dkl (4.48)
=1 =1

For the case D = R, the only basis vector of the one-dimensional transverse space is
proportional to the Levi-Civita tensor. For the cases R < D we can explicitly construct
the basis vectors that fulfill all the requirements. As an example, if D = 4 and R = 4,
we get

Bk, ko, k) = 2 (g kg, K) = b
?}1( 1, 2, 3) A(kl,k27k3)7 UZ( 1, 2, 3) A(kl,k27k3)7
st

VP (ky, kg, k) = ——Fikeks . (4.49)
3( 12 3) A(k17k27k3)

k1koksv k1koksv

Y (ky kg, k) = —rkekan oy Ekikokan®

wy, ( 1, 2, 3) A(klyk%kii) nipn A(k‘l,k‘Q,kB)

In applications of the van Neerven-Vermaseren basis, it is often needed to write the
loop momentum [ as a linear combination of the basis vectors for a particular graph with
the denominator factors dy,ds, ...dg. The denominators are given by d; = (I + ¢;)? — m?
and the outflow momenta read k; = ¢; — ¢;—1. By contracting in the loop momentum
with the metric tensor given in Eq. (E47) we obtain the loop momentum decomposition
in the van Neerven - Vermaseren basis

Dp Dr
= (k) v+ ) (1-m) nf (4.50)
i=1 i=1
Using the identity
1
-k = 5 [dl —di—1 — (q? — m?) + (qf_l — m?_l)] , (4.51)
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we find

1 Dp Dr
W=VE+y ;(di —diq) v+ ;(z “ng)nt (4.52)
where dy = dgr, my = mpg and
127
Vh==3> (a2 =md) = gk —miy)) ol (4.53)

i=1

As an illustration of this procedure, we explicitely give the loop-momentum decompo-
sition in two cases. The first example concerns the five-point function in four dimensions,

so that D =4 and R = 5. We derive

1 1
* = V5‘u + §(d1 — d5)vi‘ + §(d2 — dl)’ug

| 1

+ §(d3 — dz)’UéL + §(d4 — d3) UZ,
1 1 (4.54)

Vg = =5l — a5 = mi+mi) o] — 5@ — ai —m3 +mi)vh

2 2 H

5 g (q4—q3—mi+m§)v4.

1 1
—§(q§—q2—m§—|—m§)v3 3

Similarly, for a three-point function in four dimensions D = 4 and R = 3. We obtain

1 1
l# = Vg'u + 5((11 - dg) U'f + §(d2 - dl)’L)g + (l . ’I’Ll)’l’LllL + (l . ’I’Lg)ng,

L o 5 2 2
]/3#:_5((]1 —q3 —mj +m3)v] —

(4.55)
°w

%(qg —qi —m3+mi)vh .

We note that if the number of ourflow momenta R exceeds the dimensionality of space-
time D, the decomposition of the loop momentum into the van Neerven - Vermaseren
basis may be used to prove that the D + m point functions m > 1 can all be written
as linear combinations of the D-point functions. We will show an example of this in the
next Section. Finally, we emphasize that the van Neerven - Vermaseren basis allows us to
include the unitarity constraints without resorting to spinor-helicity formalism, which is
often used in analytic calculations. By avoiding the spinor-helicity formalism, the method
can be used in computations with massive internal particles, where the mass can be either
real or complex-valued.

5 OPP and Numerical Unitarity

Analytic calculations in four dimensions require considerable algebraic effort. I have
therefore chosen to present the basic ideas using two examples in two dimensions where
the algebraic burden is lighter.
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5.1 Reduction of a two-dimensional triangle to a sum of

bubbles

In this section I will show that a scalar triangle in two dimensions, can be reduced to
a sum of bubbles[I2]. The demonstration is essentially identical to the demonstration
that a four-dimensional pentagon can be reduced to a sum of five boxes. So results such
a these lie at the basis of the general OPP expansion Eq. (?7) considered in the next
section. We define

5#112
?}'u — q1q2
1 A2 ’
Jarg
nwooo_ 192
Vy, = —— 5.1

where Ay = 04142 is the two-dimensional Gram determinant, so that v;.qj = 0;;. We want
to examine a scalar triangle in 2 dimensions

1 1
L= [ d% = / d?l 5.2
’ / (2 =m@)((L +q1)? = m7)((L + g2)* — m3) dodyds (5:2)
Now expansion for [ is
P=1-qof +1-qvh. (5.3)
Hence we have that,
P=1l-qu-l4+1-quy-l, (5.4)
so the two dimensional metric tensor can be written as,

v

9loy = vial + 055 (5.5)
Defining
r=q+mi—mi, re=q3+mf—mj, (5.6)

we can write Eq. (B4]) in terms of the denominators of Eq. (B2)
2dy + ng —1- Ul(dl —do — 7‘1) —1- UQ(dg —do — T’Q) =0. (57)

Dividing by dodids we see that terms with do and d; drop out upon integration. So we
get,
2d0—|—2mg—|—d0(l"[)1+l'212) +ril-vi + 1ol - vg
dodydy

Now consider the term where dy cancels. We may define a shifted momentum I’ = [ + ¢.
Hence

= 0. (5.8)

l-v1+1-v9 :l/"Ul—Q1"U1+l/‘U2—Q1‘U2 :l/'U1—1+l/‘U2 (5.9)
The term linear in [” vanishes after integration, (g2 — ¢1) - (v1 4+ v2), so we get,

do+2md+ril-vi+rol-va  do+2md+1-w

= =0 5.10
dodids dodyds ’ ( )
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where w = r1v; + 19v2. We now replace the metric tensor in Eq.(BI0) using Eq. (E3)
and get that
d0+2m(2)+l-q1 vicwH1lqove-w

=0. 11
PR 0 (5.11)
Finally
1 1
do +2mi + 5(dy —do — 1) v - w+ 5(dy —do —7r2) V2w _ 0, (5.12)
dodyda
which proves the relation. Collecting terms we get
do(2 — (vi - w + vz -w)) + (4mg —w®) +di vy -wtdy vy - w —0. (5.13)

dodyds

This demonstrates that the scalar triangle can we written as a sum of bubbles. The
explicit solution is,

1 1
2
/d ldod1d2 4m3 — w? [(Ul w+vg-w—2) I1g —v1-w log —va - w Ipy (5.14)

where

1
L= | &% 1
= [y (5.15)

5.1.1 Reduction of triangle at the integrand level
Let us further process Eq. (1) but without performing the integral. We have that

2do +2m3 — 1 -v1(dy — do) — 1 - va(dy —do) +1-w =0, (5.16)
but we can write
l-w = l-qqui-w+1l-qguv-w

1 1
= §[d1—d0—7‘1]Ul'w+§[d2—d0—T2]?}2-w

= Sl —do] vy wt Sl — do] va w0 — . (517

Collecting terms again we get (at integrand level!),

1 1 1
- . cw—4— 9 v — 92 - =
dodyds 4m(2) — w? (V- w+vz-w Lo Lv) dydy
(o ew— 2 vy) — — (9w — 2 vg) —— (5.18)
v - w U1 d0d2 V2 - W V2 d0d1 . .

This expression essentially proves the form of the integrand needed for the OPP reduction.
In two dimensions we only have to include bubble integrals and the most general form of
the integrand is
N o b0+b1(nlJ1’l)
2 =my)((+q)? —m?) dod,

(5.19)

37



where we have given the example of the bubble with the first two denominators, dy, d;.
Since we are dealing with a scalar triangle N is really just the denominator, ds.

1
N = 7 (5.20)

We shall chose to expand the momentum in terms of v; and vs. The two constraints
do = d1 = 0 fix the momentum [. to be

1
"= —Emﬁ + Bk (5.21)

where (3 satisfies the equation coming from dy(l.) = 0

202 — 1By - vg + 03T /4 —md = 0; (5.22)
leading to
o+ L2 - 09)2 — 120202 & Am2u2
8y = 101 - ve £ /13 (v ;)23 rivivy + 4mgvs (5.23)
U2
so that
Bip. =
vy
1
4B5- = —(rivy — 4mp) (5.24)
2
Therefore we obtain,
do(le) =2lc - q2 + 12 =12 + 204 (5.25)
Therefore we have that
1 1 I 1 . ro + ﬁ.;. + ﬁ_ o (%Y
2| do(IF)  do(I2) 5+ 2r9(By 4 f-) 4B+ B w? —4mj
1 1 1 B- — B+ 2c.vg
2| dy(lc)  da(le) 5+ 2ra(By + B-) + 4846 w? — 4mg

Thus our final results for by and by are,

o1 1 1
T 2|t 2-md) (e +a2)2—m3)
1 1 1
by = = — 5.27
1 A ey az+mv—m@] 0

are thus in agreement with Eq. (&I5).
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5.2 Reduction of a rank-two two-point function

Our next two-dimensional example concerns the reduction of a rank-two two-point func-
tion using van Neerven - Vermaseren basis. Consider an integrand given by

(- 1)?

I(k,m1,mg) = iy

(5.28)

where di = 12 —m3, do = (I + k)? —m3, 1 -k = 0,k? # 0 and 72 = 1. Because of the
projection onto 7, the momentum [ in the numerator in Eq. (228) lies in the transverse
space. We want to express this integral in terms of scalar integrals.

Note that in contrast to the three-point function considered in the preceeding Section,
the rank-two two-point function in two dimensions has an ultra-viloet divergence. We
regularize this divergence by continuing the loop momentum to d = 2 — 2¢ dimensions
and begin by constructing the van Neerven - Vermaseren basis. As the basis vector of
the physical space, we take

nM=——, n’=1. (5.29)

We choose 7 to be the basis vector of the transverse space, which is allowed since n and
n are orthogonal, n-n = 0. As the consequence of the completeness relation, the two
vectors satisfy

n*n” + afn” = géy), (5.30)
where gé’j) is the two-dimensional metric tensor. Contracting this equation with the loop
momentum, we obtain

. l-k)?
(- 1)? =1y — (n-1)* =1y — (/7) (5.31)
Because [ is a d-dimensional vector, we can decompose it as
= (l-n)n"+ (L- )" +nk(l - ne), (5.32)

where n, is the unit vector that parametrizes the (d — 2)-dimensional vector space. It
follows that the square of the d-dimensional loop momentum can be written as

P =13 + (ne - 1)* = Uy + 1%, (5.33)

where p? = (nc-1)? is introduced. To proceed further, we express various scalar products
through inverse Feynman propagators dj 2

By =di+mi—p?, 20-k=dy—dy 17, (5.34)
and use Egs. (BE3TR33) to obtain

(0% (N+p?) 1 r%—2z-k+r§+2l-k+2k2

dhdy  dids @2 4 &

(5.35)
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In Eqgs. (E34B3H), we use the following short-hand notations
ri =k +mi—-m3, r3=k+mj—mi,
k* — 2k%2(m?2 4+ m3) + (m? — m3)? (5.36)
4k2 )

Even if we did not know the result displayed in Eq. (B3H), we could still argue on
general grounds that the integrand can be written as

A=

(ﬁ . l)2 _bo + bl(ﬁ . l) + bg(ne . l)2 n aio + a171(n . l) + CLLQ(ﬁ . l)
didy dydsy dq
a0 + ag,l(n . l) + CL272(7A7, . l)

do

(5.37)
_|_

We will explain in later where this parametrization comes from. Here, we compare terms

in Eq. (£34) and Eq. (E317) and obtain
bo=—X\%, b1 =0, by=—1,

2
_ " _ _
a0 = 30 011 = =i ay =0, (5.38)
rs 1 1
ag,0 = 2 azo = 0.

@+§, a2,1:2—/p7

It is instructive to rederive Eq. (E38) using an alternative procedure. This procedure
is important because it generalizes to four-dimensions, without modification, and because
it shows how the reduction techniques are connected to unitarity. We begin by multiplying
both sides of Eq. (B37) by d;,ds and obtain

(ﬁ . l)2 = [bo + bl(ﬁ . l) + ba(ne - 1)2] + [al,o + a171(n 1)+ al,g(ﬁ . l)] do

X (5.39)
+ [ag0 4+ az2,1(n - 1) + aga(n - 1) dy.

We would like to use Eq. ([239) to find all the b- and a-coefficients. Since there are nine
unknowns, we can evaluate Eq. (E39) for nine different values of the loop momentum
[, invert the nine-by-nine matrix and find the coefficients. While this procedure does,
indeed, provide a solution to the problem, it involves inverting a large matrix and is
therefore impractical. A better algorithm exploits the fact that, under special choices of
the loop momentum [ in Eq. (B39), the matrix to invert becomes block-diagonal.

To see how this works, we first describe a procedure to compute the b-coeflicients
only. To project the right hand side of Eq. (&39) onto b-coefficients, we choose the
loop momentum [ to satisfy di(l) = da(l) = 0. For the moment, consider the loop
momentum [ that satisfies those constraints and, simultaneously, has zero projection on
the d-dimensional space, n. -1 = 0. We find that there are just two loop momenta [ that
satisfy those constraints; they can be written as

IF = aen +ifen, (5.40)
where
2
"1
e = Be= A (5.41)
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The parameters 71 and A are shown in Eq. ([36). We substitute these two solutions into
Eq. (B39) and obtain two equations for the coefficients by ;

bo +bii- 17 = =A%, by + b1 = —A2 (5.42)

It follows that by = —A2 and by = 0, in agreement with Eq. (535)).

To find by we proceed along similar lines but we require that the scalar product [ - ne
does not vanish. Since the conditions d; = 0,dy = 0 are equivalent to 2] - k + r% =0,
1? = m%, the loop momentum that satisfies those constraints is the same as in Eq. (&240),

up to a change n — ne,
I* = aen £ ifene. (5.43)

Substituting I* into Eq. (B39) and using by = —\2, b; = 0, we obtain
0= (1+by)A?, (5.44)

which implies that by = —1, in agreement with Eq. (B:35).

The next step is to identify the coefficients of the tadpoles in Eq. (39). We will
focus on a set ajo,a1,1,a1,2. We can project Eq. (E39) on these coefficients by choosing
the loop momentum for which d; vanishes but ds is different from zero. Note that no
[ - n. terms are needed to find the a-coefficients. As the consequence, we can work with
the two-dimensional loop momentum

1 = yin + ’)/Qﬁ. (545)

The equation d(l;) = 0 implies v + 2 = m2, so that 1,72 lie on a circle of a radius

my1. Substituting /; into Eq. (B39), we find
75 = =N+ (2VE2n 4 17)(a10 + a1am + a1272)- (5.46)
To solve Eq. (&28]), we choose v; = 0,2 = £m; and obtain two equations

a1 o X aiom m%+)\2 T%
1,0 12M] = ——5—— = —&5.
' ’ 7‘% 42

(5.47)
Hence, it follows that a; o = 72 /(4k?) and a1 5 = 0, in agreement with Eq. (£38). To find
a1,1, we choose v =0,y = mq, solve Eq. (B48) and obtain a; ; = —(4k2)_1/2.

We can determine coefficients ag o, a2,1, az 2 in the same manner, by choosing the loop
momentum that satisfies da(l) = 0. The calculation is similar to the one performed above
and for this reason we do not present it here. We emphasize that the procedure that
we just explained implies that, for the reduction of one-loop integrals to a set of scalar
integrals, we need to know integrands at special values of the loop momenta, for which at
least one of the inverse Feynman propagators that contributes to a particular diagram,
vanishes. Since zeros of Feynman denominators correspond to situations when virtual
particles go on their mass shells, the connection between the reduction procedure and
the ideas of unitarity begins to emerge.

In this section, we generalize the two-dimensional reduction procedure described in
the previous section to D-dimensional space-time. We are ultimately interested in the
limit D — 4.
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5.3 Parametrization of the integrand

We begin with the observation that, in any renormalizable quantum field theory, the rank
of the one-loop tensor integrals that appear does not exceed the number of external lines.
Therefore, we will only be concerned with the reduction of one-loop integrals of restricted
rank, e.g. the rank-five or less for five-point functions, rank-four or less for four-point
functions and so on.

We would like to establish a simple parametrization of one-loop integrands, first in-
troduced by Ossola, Papadopoulos and Pittau [I7]. It reads

A% Nam) AP 1
IN_/(%)D [T, &:(0) _/(%)D [; dif0) X{

Z éi17i27i3,i4,i5 (l) H dj(l)

11,12,13,14,15 J#[11,92,13,14,05]
©1,82,13,04 j;ﬁ[il,iz,ig,iﬂ

+ Z Ciy yin,is (1) H d; (1)
11,12,13 j?’é[ilvizvi-ﬂ

+> b I 40 +> @O [] dj(l)}'
01,02 G#]i1,i2) i1 J#i

The index ¢ runs over all possible inverse Feynman propagators d;. Similarly, the index j
runs over all inverse Feynman propagators, except those explicitly excluded. The impor-
tant feature of this parametrization is that all inverse propagators d;(l) on the right hand
side appear in the first power, i.e. there are no terms of the form d?(l) for any i. In the
spirit of the previous section, this allows us to project on different é, CZ, c, b and a-functions,
by considering loop momenta that nullify different sets of inverse propagators.

We will discuss first the reduction of a rank-five five-point function; the general case
then easily follows. To this end, we consider d;(I) = (I + ¢;)> —m?,i=0,...,4, g0 =0
and assume that the numerator function reads

5
N =]]w-1, (5.49)
i=1

where u; are some external four-dimensional vectors.
As the first step in the reduction procedure, we find the reduction coeflicients of the

five-point function, €p1234. To accomplish this, we construct the van Neerven-Vermaseren ba-

sis out of four vectors ¢; and decompose the loop momentum

4

= (1 gl + (L nont. (5.50)
=1

The scalar products [ - ¢; are expressed in terms of inverse Feynman propagators

1
l-qi= 3 (di —do — (¢ — m? +m)) . (5.51)
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Since us - ne = 0, we can rewrite Eq. (49) as

4 1 4 4
N(l) = <Hu : z) (us - 1) = 52(“5 -v;) <Hu : z) (dj — do)

(5.52)

Upon dividing the numerator function by the product of inverse Feynman propagators
dodydadsdy, we find that the first term on the right-hand-side of Eq. (2h2), produces
a collection of rank-four four-point functions and the second term — a rank-four five-
point function. We now repeat the same procedure with the rank-four five-point function
and conclude that it can be expressed through a combination of rank-three four-point
functions and the rank-three five point function. Whenever, as a result of these manipu-
lations, the propagator dy cancels, it is possible to shift the loop-momentum to bring the
integrand to the standard form. We can clearly continue this procedure until we are left
with a scalar five-point function and a collection of four-point functions of the ranks from
zero (scalar) to four (maximal). Hence, we have established that the function ép1234(1) in
Eq. (E28) is l-independent

501234(1) = €. (553)

In the course of the procedure described above, the highest rank integral left unreduced
is the rank-four four-point function. We now discuss how it can be reduced. For definite-
ness, we consider the four-point function with four propagators dy, di, do, d3, but our dis-
cussion can be applied to any other four-point function, by the appropriate re-definition
of the propagator momenta and masses. We construct van Neerven-Vermaseren basis
vectors out of the three momenta ¢i,¢s,¢3. The physical space in this case is three-
dimensional and the transverse space is one-dimensional. We parametrize the transverse
space by the unit vector ny.

The decomposition in terms of van Neerven-Vermaseren basis then reads

3
= "ol gi) + (1 na)nk + (1 ne)n. (5.54)

i=1
Using this parametrization we can write
3 13 3
N4(l) = (H (V7 l) (U4 . l) = 5 2:1(’&4 . ’Uj) <H Uq - l) (d] - d(])
7 Jj= )

3 3
(uq - vj) <H u; - l) (qu - m? +m3) + <H u; - l> (lcdotng)(uy - ny).

The first two terms on the right-hand side are considered “reduced”, since they are
rank-three three-point and four-point functions. The last term, however, is a rank-four
four-point function, and so it does not appear that we gained anything. To demonstrate
that we, actually, did gain something, we take the last term in Eq. (B3] and repeat the
reduction procedure described above. It is clear that a variety of terms will be produced,

(5.55)

13
2 —_—

7j=1
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most of lower-point or lower-rank type, and the only term that we should consider as
“not-reduced” reads

3
<Hul) (1-ny) <Hu ) (1-ng)?. (5.56)

We simplify it by examining the square of the loop momentum /. Using the decomposition
in terms of van Neerven-Vermaseren basis, eq. (554]) and the relations 2 -¢; = (d; — dy —
@2 +m? —m3) and I? = dy +m3, we find

(1-n4)? = —(1 - ne)* 4 constant terms + O(dy, d1, dz, d3). (5.57)

Terms dubbed “constant” in the above formula contribute (after multiplication by (u; -
1)(ug - 1)) to rank-two four-point functions while terms that contain at least one inverse
Feynman propagator, contribute to three-point functions. The “not-reduced” part of the
rank-four four-point function therefore reads

4 2
[Twii— <Hui'l> (1 n4)? (Hul ) (1 ne). (5.58)

It is clear that if we repeat the reduction process, we express any tensor four-point function
integral (of rank not higher than four), through the following numerator function

dor23(1) = do + dy (1 - ng) + do(l - 1) + ds(l - ne)*(1- ng) + da(l - ne)t, (5.59)

where the [-dependence is shown explicitly. We note that the degree of the polynomial on
the right hand side of Eq. (229 is the direct consequence of the fact that the highest rank
tensor four-point functions that we consider is four. This restriction works well if we deal
with renormalizable quantum field theories but it might not be general enough if one-loop
calculations with effective field theories are attempted. The extension of the algorithm to
those cases is straightforward since the required parametrization of a numerator function
of, say, a four-point function will be an extension of Eq. (BEd) to higher rank tensors.
It is straightforward to figure out the required extension, following the line of reasoning
explained above. Interestingly, such extensions are very economical; for example, we
mention that to achieve a reduction of a rank-five four-point functions, we only need to
include one additional term ds (I-n¢)*(I-ny) in the parametrization of do13 in Eq. BERa).

We now turn our attention to the three-point functions that are obtained in the
course of the reduction of the four-point functions. The highest tensor rank we have to
care about is three. The physical space is two-dimensional and the transverse space is
two-dimensional as well. The loop momentum reads

="kl q5) + (1 na)nh + (- na)nf + (- nont. (5.60)

We follow the same procedure as already described in the context of five- and four-
point functions. The reduced terms will be at most rank-two two-point functions. The
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irreducible structures read

4 4 4 4
H(l . ’LLZ) — Z Cli(l . nl) + ZCQZ'(Z . ni)2 + ZC&'([ . ni)3
1=3 =3 =3 =3 (561)
+ca(l-na)(l-ng) + (1 - ng)*(1- na) + (L - ng)(l - na)?

Similar to the case of the four-point function, not all the terms in Eq. (&E1) are in-

dependent in the four-dimensional case. To make this dependence explicit, we square
Eq. &80), use I = dy + m3 and find

(1-n3)% + (- ng)? + (I - ne)* = constant terms + O(dy, dy, dy). (5.62)

We use this constraint in Eq. (61), to trade (I-n3)2(1-n4), (1-n4)?(1-n3) for (I-ne)%(1-ny)
and (I-n¢)?(1-n3). Also, given Eq. (E62)), we can use (I -n.)? and (I-n3)? — (I - n4)? as
two independent structures, instead of (I - n3)? and (I - n4)%. Hence, the parametrization
of the function ¢p19 becomes

5012(1) =g+ 51([ . 7”L3) + 52([ . 7”L4) + 53(([ . 7”L3)2 — (l . 7”L4)2)
+ 54([ . ’I’L3)(l . ’I’L4) + 55([ . 7”L3)3 + éﬁ(l . 7”L4)3 (5.63)
+ &7(L-ne)? + (1 - ne)?(1-ng) + éo(l - ne)(L - ny).

The advantage of this parametrization, compared to Eq. (280, is that in four dimensions
only ¢y gives a non-vanishing contribution after integration.

Similar considerations can be used to derive the general parametrization of the two-
point and one-point functions. Recall that the highest tensor rank of the two-point
function that we consider is two; the highest tensor rank of the one-point function is one.
We will not discuss the derivation and just give the results for the numerator functions.
The numerator of the two-point function can be written as

501(1) = l~)0 + Bl(l -ng) + 52([ -ng) + Bg(l - ny)
+ ba((1-n2)% = (1-n4)?) +b5((1-n3)2 — (I - na)?) + b (1 - n2) (1 - n3)
4+ br(l-n3)(L-ng) + bg(l - 1) (1 - ng) + bo(l - ne)?, (5.64)

while the general parametrization of the numerator of the one-point function for propa-
gator d; is
d,’(l) =ag+ai1(l-ny)+ az(l-n2)+as(l-ng) + as(l - ng). (5.65)

In Equation (EB0) ag is the relevant reduction coefficient since all other terms integrate
to zero.

5.4 How to compute the reduction coefficients

In the previous Section we showed how an integrand of a general one-loop integral in a
renormalizable quantum field theory can be parametrized. An important feature of this
parametrization is that all I-dependent four-dimensional tensors that are present in the
coefficients ¢, .,@;, are evanescent under angular integration in the transverse space

21..157 "
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of the respective reduced integral. We will refer to such tensors as “traceless”. This
feature is extremely important since it allows us to perform the integration immediately
and rewrite Eq. (B48) in a simplified, fully reduced form

dPi Num(l) (0)
“:/@ﬂﬂLMD: 2 s ot

21,12,23,%4,15

+ E : 11,22,23,24 Livigigia + E : 21,12,13 L iz (5.66)
01,02,13,74 i1,i2,73
(0)
: :blllz ZIZ2+§ :a I
01,42

The right hand side of Eq. (.60 contains scalar integrals multiplied by l-independent
contributions of the reduction coefficients ©,d® 5©)  etc. and the “rational” term R
which originates from the integration over the loop momentum of tensorial structures
involving (I - n.). Eq. (BB0) gives an explicit demonstration of the reduction formula
stated in Eq. (?7?).

The reason the integration over the loop momentum is so simple is because the pro-
jection on the transverse space is always given in terms of traceless tensors. To illustrate
this point, consider a contribution of a general two-point function to the right-hand side

of Eq. (B48). It reads

/dw 1 bo 4 bu(l - o)
oD @ —md)(Z+2l-g+g@—m2) )| 0 7

+ bo(L-n3) 4 b3 (L - ng) + ba((l - n2)? — (1-ng)?)
+b5((1-n3)? = (1-14)?) + b1 - n2)(1 - ng) + br(L-n3) (L - nyg)

+ Bg(l . ’I’LQ)(Z . 7”L4) + Bg(l . ’I’Le)z}.

(5.67)

Because ¢-n. = 0,q-n; = 0,1 = 2,3, 4, the integration over the directions of the transverse
space 11 =na(l-n2) + ng(l-ng) + na(l - ng) + ne(l - n.) is straightforward. We obtain

_ v _ g
/www@—%W$wg=/wwﬁ@—%(aDLzﬁ (5.68)

Using this result in Eq. (B67) together with the orthonormality property of the trans-
verse space basis vectors n;n; = d;;, we conclude that only two terms — bo and by con-
tribute after the integration over the loop momentum is performed. The term with by
contributes to the rational part R in Eq. (&66), while by is the reduction coefficient
of the relevant two-point master integral. Similar considerations apply to all other re-
duction coefficients, leading to Eq. ([60)). Clearly, we are interested in the calculation
of quantities that are integrated over the loop momentum. It follows from Eq. (G566
that, in addition to the rational part, we only require a modest number of the reduction
coefficients é(©), d~(0), ¢ . ete. The question that we address now is how to find those
coeflicients efficiently.
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In the course of the discussion of the two-dimensional case, we have seen that a pow-
erful way to find coefficients €; ,_,...,a; involves calculations of both sides of Eq. BZR)
for special values of the loop momentum [, where a chosen subset of inverse Feynman
propagators di,da, ..., dx vanish. We now discuss this procedure in detail, pointing out
some subtleties that appear once we implement it.

We begin with the five-point function contribution. We choose five inverse propaga-
tors, say dgp,dq,...ds and find the loop momentum for which all of these inverse propa-
gators vanish. This requires the momentum [ to span more than four dimensions, so,
for definiteness, we make the minimal choice and take [ to be five-dimensional. Clearly,
the only term in the right hand side of Eq. (B48)) that is non-zero is the term that does
not contain any of the five propagators. This is €g1034 — the term that we would like to
find. We argued previously that this term is constant, so computing the left hand side of
Eq. (&48) with the momentum [* such that do(l*) = 0,d1(I*) = 0,...ds(I*) = 0, gives us
€01234-

While this procedure is correct, it often becomes impractical since it treats the scalar
five-point function as a master integral. This would have been fully justified if we were
interested in a five-dimensional calculation, but, in practical computations, we eventually
take the limit D — 4. In this limit, the five-point function becomes a linear combination
of five four-point functions. We would therefore like to eliminate the five-point integral
from the set of master integrals right away, avoiding large cancellations between four-
and five-point functions in the D — 4 limit. To see how this can be done note that the
loop momentum in the five-point function can be written as

4
1
= > vt (di — do — (gf —mF +mg)) + (- ne)nt. (5.69)
=1

Squaring the two sides of this equation and using 12 = dy + m%, we see that for a loop
momentum that satisfies dy = 0,d; = 0,...ds; = 0, we have
1
(1 ne)® = —g 2 i vi)(a; —mi +mg)(q —mF +md) +mg. (5.70)
tj
It follows that we can either choose a scalar five-point function as the master integral or
the integral with additional (I - n.)? in the numerator. However, because

, Pl (1-n)?
lim
D—4 (27T)D d1d2d3d4d5

— 0, (5.71)

the second choice is preferable. Indeed, since the new master integral that we introduced
to account for the need to employ dimensional regularization does not contribute in the
D — 4 limit, all four-dimensional relations between various integrals are automatically
accounted for. Therefore this coefficient is only needed as a subtraction term in the
determination of lower point coefficients. Experience shows that adopting this alternative
definition of the pentagon coefficient leads to improved numerical stability in practical
computations[I8], [19].

To find the other coefficients, we follow the strategy already discussed in the context of
two-dimensional computations. For example, having determined the five-point functions,
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we subtract their coefficients from the left-hand side of Eq. (B48)) and consider all the
subsets of four propagators. We focus on one subset, dy,...,ds whose contribution is
described by the coefficient

dor2s = do + di (1 - na) + da(1 - ne)? + ds(l - ne) (1 ma) + da(l - ne)™. (5.72)

To determine dg1o3, we find a momentum [ that satisfies do(l) = 0, d1(I) = 0, da(l) = 0
d3(l) = 0 and write it as

m=vHr+ lJ_(COSQS nY + sin¢ nt),

:——Zv 2 —mi+mj),

with {| =+/l| - 1. Again it is sufficient to consider [ to be five dimensional. The length
of the projection of the vector [ on the transverse space is fixed

2 =mi-V,vr (5.74)

(5.73)

To find the do, ...ds coefficients, we take for instance sin¢ = 0,cos ¢ = +1, denote
Iy =VF+1,n}, calculate the numerator for these values of the loop momenta and find

= Num(l4) +Num(l-) -  Num(l4)— Num(l)
do = , dy= .
2 20,
To find (17273,4, we need to do a little bit more. First, we take cos¢ =sin¢ = +1//2,
denote the loop momentum as I+ = V £ 1, (ng +n.)/v2, and find
l2

1 -
dy + d47 = l2 (Num(l+) + Num(l_) — 2 do) ,

d~3 = f <Num(l+) Num( ) \/_dllj_)

(5.75)

(5.76)

We need yet another equation to resolve the dy — dy degeneracy. It is convenient to take
I =VH* 41 n¥; this leads to

- - N ) —
dy 4 dy2, = Nomlle) — do. (5.77)
lJ_
We find
- 1 -
b=y (2Num(l+)+2Num(l ) — Num(lE)—?)do) ,
o ] o (5.78)
dy l4 (Num(l ) — Num(ly) — Num(l_) + do) .

We next discuss how to compute the coefficients of the three-point functions. As an
illustration, we choose a three point function with denominators dy, d1, do; its contribution
is described by a coefficient

Co12 = Co + Cl(l ng) + Co(l - ng) + Cg((l . n3)2 — (- n4)2)
+ C4(l . ’I’L3)(l . ’I’L4) + ¢35 ( ) + Cﬁ(l . 7”L4)3 (5.79)
+é7(1- ne) + &s(l - ne) (I-ng) +co(l- nﬁ) (L na).
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We choose the loop momentum that satisfies dy(l) = di(I) = d2(l) = 0 and parametrize
it as
IF=VH 41 (z3nk + z4nl + znt). (5.80)

Consider the class of momenta with x. = 0; such a choice allows us to determine the
coefficients ¢o 6. If 2. = 0, a:% + m?l = 1, so that we can take x3 = cos ¢, x4 = sin ¢.
It is convenient then to rewrite Eq. (7)) as a polynomial in ¢ = €. Equation (79
becomes

3
5012(t) = Z thk, (5.81)
k=—3
where the coefficients ¢, read
Cs  1Cg 13 2¢3 F icy

==T 7
3 C+2 A )

C43 =
) . o (3a 3\ g (5.82)

c+1=1|=¢ — s F— ¢

+1 5 ¢ + 35 2 1 g + g )

and ¢y = ¢g. We can now use the technique of discrete Fourier transform, first discussed

in the context of the OPP reduction, in Refs. |20} 21]. Application of the discrete Fourier

transform allows us to write explicit expressions for the coefficients ¢, in a straightforward

way. Indeed, they are given by

6
1
:?Z o12(tn) t2™, (5.83)

where t,, = €27 ©"/7_ To prove this equation, note that
k

3T = G0k + 1), (5.84)

n=0
Hence, substituting Eqs. (B:81l) into the right hand side of Eq. (&83) and carrying out
the summation over n using Eq. (84]), we can easily show that the right hand side of
Eq. (&£83) is indeed one of the c-coefficients. Hence, Eq. (EX83)) provides a convenient
way to find the cut-constructible coefficients of the three-point function. Finally, to
determine the rational part coefficients in Eq. (&Z9), we take vectors [ that have non-
vanishing projections on either n3 and n. or on ny and n.. Since we already know all the
cut-constructible coefficients, it is straightforward to find ¢7 g 9.

We note that the discrete Fourier transform is just one of many ways to solve the
linear system of equations required to obtain the coefficients ¢y, ...¢g. It is a convenient,
easy-to-code-up procedure, but it is neither unique nor superior to other ways. In fact,
it is clear that in certain cases it is better to avoid using the discrete Fourier transform
method and to solve the system of equations by other means.

To see why this might be the case, we discuss the computation of the reduction
coefficients for the two-point function with two propagators dy and d;. Then, the physical
space is one-dimensional and the transverse space is three-dimensional. The momentum
parametrization therefore reads

4

M =xgl +11 (Z a:,nf + xm?) . g1z =0, n;-ng = 0. (5.85)
i=2
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Using Eq. (B8H), we find that components of the momentum [ for which d; 2 = 0 are
subject to the following constraints

2 2 2
m3y — mpy —
n = 27 W3-, deadbad ol (5.86)
1

The general parametrization of the b-coefficient reads

bor = bo+bi(l-ng)+by(l-ns3)+b3(l-ng)
4+ ba((l-12)% = (1-ng)?) +b5((1-n3)? — (1 - ng)?) + b6 (1 - n2)(1 - n3)
4+ br(l-n3)(1-ng) + bs(l-na) (1 - ng) 4 bo(l - ne)?. (5.87)

Similar to the case of the three-point function, there are infinitely many loop momenta
that satisfy the constraints shown in Eq. ([80)). Therefore, to find the cut-constructible
coefficients, we can proceed as before, parametrizing

I =1, (sinfcos ¢ nh + sinbsin ¢ n§ + cos nf), (5.88)

and then applying the technique of the discrete Fourier transform to determine l~)0, ... bs.
Note, however, that the application of the discrete Fourier transform requires division by
11, cf. Eq. (E82) and this may lead to potential trouble. Indeed, according to Eq. (B0,
I, vanishes if m3 = 2%¢} which corresponds to ¢7 = (mg — m1)? or ¢ = (mo + m1)%.
These kinematic points are not dangerous if only massless virtual particles are considered.
However, the situation may become problematic if virtual massive particles are present
in the calculation. Note also that close to those exceptional values of q%, [| can be small,
so that division by [; may lead to numerical instabilities.

To handle the case of small /| in a numerically stable way, the method of discrete
Fourier transform is not directly applicable and the system of equations must be solved
differently. There are many ways to solve a system of linear equations avoiding division
by [, ; one option is described below. We begin by choosing ljj = x| notax3ng, ll—L 'lf = li.
Recall that li is fixed by the on-shell condition Eq. (B80]) and therefore x3 is expressed

through =z, z3 = \/li — xi We calculate by = b(I*) and eliminate x?,, in favor of li

and x| where possible. We obtain
by = l~)0 + l~)1$J_ + :EglN)Q + 54$i + B5$§ + BGxJ_$3- (5.89)

Taking the sum and the difference of by, we arrive at

RS B R T o N S (590
2 233‘3
where
Bgﬁ" = 60 + 6513_ )
Bsz _ 54 _ 65 . (591)

The right hand sides of these equations are polynomials in =, . Therefore, we can apply
a discrete Fourier transform with respect to x| to find coefficients b1, bﬁﬂ, bgﬂ as well as

bo, bg in Eq. (E00).
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To determine the remaining coefficients, we make five choices of the loop-momentum,
satisfying the on-shell condition. We choose for instance

19 = 211+ zny + yna,

)
1Y = ziqr —ang +yna,
19 = a1q1 —ang — yna,
[@ = r1q1 + xng + yng,
19 = z1q1 + ang + yne. (5.92)

where 22y’ = li. We use the notation b, = b(l(a)). With the coeﬂjcignts~ l;ff, 5~1, l~)~2, B;H
and bg in hand, we determine the other coeflicients in the sequence, bg, b3, bs, b7, by, by, bs4.
The results are

~ (%(ba — bb) — xl~)1)

b8 = )
zy

; 1(bg — be) — brz

3 = ’

~ ~ y ~ ~ ~

P b + bay + yabs + xby + (22 — )5 — by
5 — 3y2 )
B (bg — y2bs + bsa?® + byx? — bz — yby — by)
O Ty )
- be — byz® — byx — b
b = (e~ bz " 1=, (5.93)

The coefficients by and by are determined using Eq. (E310) once bs has been fixed.

We have just described a method to calculate coefficients 51,,,,9 in a numerically stable
way for small values of [|. Note that we used the fact that even for arbitrarily small li
we can choose large, complex values of z,y with 22 +y? = li. In the numerical program,
we switch from the discrete Fourier transform to the solution just described, depending
on the value of [, . However, the described methods can only work if the decomposition
of the loop momentum, as in Eq. (B8H), exists. A glance at Eq. (86 makes it clear
that the decomposition fails for the light-like momentum, ¢? = 0, and we have to handle
this case differently. We describe a possible solution below.

First, some clarifications are in order. Because we are interested in one-loop calcu-
lations for infra-red safe observables, it is reasonable to assume that the vector ¢; can
be exactly light-like but it is impossible for that vector to be nearly light-like, since such
kinematic configurations are, typically, rejected by cutfl. Hence, we have to modify
the above analysis to allow for an exactly light-like external momentum. To this end, we
choose a frame where the four-vector in Eq. (B:80) reads ¢1 = (F,0,0, E). We introduce a
complementary light-like vector ¢ = (F,0,0, —F). The loop momentum is parametrized
as | = x1q1 + x2q1 + 1. We denote the basis vectors of the transverse space as n3;

2External particles with small masses are obvious exceptions but rarely do we need to know observables for,

say, massive b-quarks in a situation when all kinematic invariants are large.
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they satisfy n;n; = 6;5, ¢1 - n34 = 0, 1 - n34 = 0. The on-shell condition for the loop

momentum fixes zq

m2 — m2
To = % s = 2q1q1, (5.94)

and a linear combination of x7 and li
2 +mizy —mi(1+21) =0. (5.95)

Compared to the case when the reference vector g; is not on the light-cone, we write now
the parametrization of the function b using ny4 - I. We choose it to be

b(1) = bo + by (@1 - 1) + ba(ns - 1) + bs(ng - 1) + ba(q - 1)(q1 - 1)
+05(q1 - 1)(nal) + be(q1 - 1) (na - 1) + br((ng - )% — (ng - 1)%)
+bg(ng - 1) (ng - 1) + bo(l - ne)?. (5.96)

We describe a procedure to find the coefficients by, . . . bg in a numerically stable way.
To this end, we choose x1 = 0.5. This fixes li, and x is fixed by the on-shell condition
Eq. (B94)). The freedom remains to choose the direction of the vector ) in the (ns3,n4)
plane. Consider four different vectors

b) _

lf) = yns + xny, l(l (©)

= —yngz +xng, [}’ = ynz — xny, l(f) = —yng — Tny4, (5.97)
where 22 + 3% = li. We use vectors 1Y) = z1q + zoq1 + l(f), a = a,b,c,d, to calculate
the function b(®) = b(1%). Using by, ...bg, we can immediately find the coefficient bg

; @ _ ) _p® 4 p@
b= 1 <b b© — p® 4 p ) (5.98)

For the determination of the remaining coefficients, it is convenient to introduce two
linear combinations

bag = <b(a> _ b ) _ b<d>> ,
X

1 (5.99)
bos = (b(“) —p® 2xyb8> .

As the next step, we choose x1 = —0.5. Note that this changes the value of li
according to Eq. (B98]). We then repeat the calculation described above. Our choices of
momenta in the transverse plane [| are the same as in Eq. (E91) but, to avoid confusion,
we emphasize that = and y have to be calculated with the new li. We will refer to b
computed with those new vectors as b®, b(®), etc. We calculate 536725 by substituting
b — b in Eq. (39). It is easy to see that simple linear combinations give the desired
coefficients

by =

(bss +b3s) , b = = (b3 — bse) ,

by

l\DI»—\l\ﬂ"
c/>|w°°|l\3

(bas +b2s5) . b5 == (bas — bas) - (5.100)
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Other coefficients, required for the complete parametrization of the function l;(l) in
Eq. (&94]), are obtained along similar lines; we do not discuss this further. However, we
emphasize that the procedure that we just described is important for the computation
of one-loop virtual amplitudes in a situation where both massless and massive particles
are involved. In particular, it is heavily used in computations of NLO QCD corrections
to top quark pair production discussed in Refs. [22, 23].

As a final remark, we note that there is another important difference between reducing
the two-point function to scalar integrals for a light-like and a non-light-like vector.
Consider only cut-constructible terms. Then, for ¢? # 0 integration over the transverse
space can be immediately done, leading to

Pt oy 5 [ dP1 1
(2m)P dody (2m)P dydy
Hence, the only integral we need to know in ¢? # 0 case is the scalar two-point function.
However, in case of a light-like vector q% = 0, three master integrals contribute to the

cut-constructible part even after averaging over the directions of the vector [ in the (two-
dimensional) transverse space

dPL b1y [ APl Bo+bi(@ - 1) + ba(q - 1)
/ (2m)P dody / (2m)D dody : (5.102)

Those integrals must be included in the basis of master integrals in the case when double
cuts are considered with a light-like vector external vector. The calculation of those
additional master integrals is straightforward. For completeness, we give the results below
for the equal mass case mg = m; = m. We introduce dy = 1> — m?, d; = 1+ ql)2 —m?,

@ =0,qq=r,c = A4r) 201+ e)T'(1 — €)?/T(1 — 2¢) and find (D = 4 — 2¢)

2e D _ 9
K d“l g r (1 w
icr/(gﬁ)D G~ 3 (E +1n <m2>> (5.103)
2e D _ _ 9 5
K d”l (lq1)(lq) r2 /1 "
icp =+ (-+In{—]). 104
icr / 2mP " dod, tg ot 3 (5.104)

5.5 Comments on the rational part

The most general parametrizations of €, d~, c, b and a-functions contain two types of terms.
First, there are terms that involve scalar products of the loop momenta with four-
dimensional vectors from various transverse spaces. Second, there are terms that in-
volve scalar products of the loop momentum with the (D — 4)-dimensional components
of the vectors spanning the transverse space. These latter terms require going beyond
the four-dimensional loop momentum and give rise to the rational part.
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6 Analytic techniques for one loop diagrams

6.1 Analytic Unitarity

The idea that unitarity can be used to calculate a loop integral is quite old. For example,
Landau’s book contains a dispersive calculation of the one-loop vertex function. However
in the present context we do not want to perform the dispersive integral, rather we want
to match the cut amplitudes, with a general set of scalar basis integrals, in such a way
that we can identify the coefficients with which the basis integrals appear.

Britto et al. [24] have presented an efficient way to extract the box coefficients d; by
performing quadruple cuts. Performing a quadruple cut corresponding to a particular
scalar box integral corresponds to replacing the each of the four propagators by

1
12 +ie

— 6T(12) (6.1)

This operation completely fixes all four components of the loop momentum. A gen-
eral diagram will have numerator factors and in the case of higher point functions, also
additional denominators, which we denote by N (1)

B dl N (D)
A4 = / (2m)4 (12 +ie) (13 + ie) (13 + ie) (12 + ie)

/% N(1) §T(15)0% (1) (13)67 (13)

- % S NO). (6.2)

solutions

The sum is over the two solutions to the four simultaneous on-shell conditions.

If now apply the method to a complete amplitude, terms in the amplitude which
do not contain all four of the cut denominators will not contribute to the discontinuity.
This statement applies both to box or higher point integrals, which do not contains all
four of the relevant propagators and to lower point functions, such as triangles which
can contain at most three of the four propagators. Applying the same operation on the
right-hand side of Eq. (??) neither the other box integrals, nor the lower point functions
will contribute to the singularity. We can therefore read off the coefficient of the box
integral in question. The overall result for the contribution of the given amplitude to the
coefficient of a box integral is given by,

1 ree ree ree ree
di = 5 S0 AT AT () AF< () AT (1) (6.3)
It

where the A" are tree amplitudes at the four corners of the particular box in question.
Thus, in order to calculate all the box coefficients, we have to perform quadruple cuts
corresponding to all box integrals which could be present.
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6.2 Analytic methods

We will illustrate these methods by considering a specific case, for a simple 2 to 2
process. In particular we wish to calculate the one-loop amplitude for the process

A4(1q_, 2;, 3;,43). The explicit decomposition of the gggq one-loop amplitude is

A1(1g,29,39,4g) = g*|Ne (TazT%)i? Ag1(14,2,3,4g) + N (T%Taz)i? Ag1(1q,3,2,4g)
+ Te(T2T%) 6,7 Ays(1q,2,3,49)] (6.4)
These colour stripped amplitudes can be further decomposed into primitive amplitudes, [25]
L L 4R
As1(14,2,3,45) = Ay (14,2,3,44) — WA4 (14,2,3,44)
+ L AL 93 a0+ %Aﬁ’”aq, 2,3, 4) (6.5)

Ne

The last two terms refer to terms with fermion or scalar loops. We will not consider
either of these cases in this discussion. To further simplify the discussion we will only
discuss the colour suppressed piece Af(lq, 2,3,45). The relevant Feynman diagrams are
shown in Fig.

R4 QL= \RMLT
2299 ML Q=

Q0

Figure 6.1: Feynman diagrams for the colour suppressed piece of the amplitude, Af(1,,2,3, 4;).

6.2.1 Example of the calculation of box coefficients

A simple example will illustrate the power of the method. Consider the diagram shown
in Fig. Momentum assignments are lo = lg — p2,l10 = lop — p1 — p2,l3 = lg + p3 and
all momenta are taken to be outgoing.

How do we parameterize the momenta which satisfy the four on-shell conditions? We
choose to expand the vector Iy, (which is flanked on either side by two massless momenta
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P1

Pz

1, A liz

Ps +

—P4

Figure 6.2: A box contribution to the amplitude M(1,2},3,, 45

p2 and p3), in terms of py and p3 as well as the complex momenta formed from spinors
of po and ps3.

ly = aph + Bph + vehy + oy (6.6)
where )
€ij = 5t = ") (6.7)

For the purposes of this section we shall make the notation even more compact. Thus
we write,

i) — i
i+) — 10)
(i — (i
i+ — [ (6.8)

Now we use the mass shell conditions (I3 = 12 = L2 = (3, = p3 = p2 = 0). From the first
two we obtain that (lp — p2)? = —2lp - p2 = 0 and (Ig + p3)? = 2l - p3 = 0, which tell us
that o = 0 and 3 = 0. The condition that l% = 0 tells us that the product vé = 0, since

Eij . eij =0
1
€ij * €0 = §Sij (69)
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We shall consider the choice § = 0; this we will justify a posteriori in the next section.
Finally the condition that (I — p; — p2)? is on its mass shell gives us the condition,

— 7 (p2l#h + #2|ps] + 2p1.p2 = 0 (6.10)

Hence we have that v = [12]/[1 3]

6.3 Box coefficients for qggq

We consider first the case where the external gluons have the same helicity. This vanishes
because we would have (++-) at both at the vertex where py flows out and at the vertex
where p3 flows out. This implies that the two vertices are

(6.11)

or consequently that both (lp2) = 0 and (lp3) = 0 which cannot simultaneously be
satisfied for arbitrary external momenta po and ps. This helicity amplitude thus has a
vanishing contribution to the coefficient of this box integral.

Next consider the case where the gluons have opposite helicities as shown in Fig.
Momentum assignments are lo = lg — ko,l1o = lg — k1 — ko, l3 = lg + k3.

(o 1Y 210 (103)*  [4la]?
(1)~ [al] ~ (lols) ~ [41y]

Since from Eq. (EI2)) we have that |lg) ~ |2), |lp] ~ |3] in order that (lp2) = 0 and that
[lo 3] = 0. The helicities of our diagrams pick the solution § = 0 so that we have.

Af(lq_y 2;7 3;74;)’b0x coeff =

(6.12)

= ey (6.13)

or in other words that, up to an overall constant which cancels since [y always appears
in the combination J§,

llo) =~12), lo] = 13] (6.14)
Collecting terms we may write Eq. (612) as,

(1134241 (3[3612]*
(Llad0514]

— 9+ a— 4+) _
M(1q72973g74¢j)_

(116 — 214> (3[36|21*
(12)[2[6[3)[34]
(v{12)[34] — (12)[24])°7(32)[32]
(12)[34]

(6.15)
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where we have made the substitution J) = v|2)[3|. Now from Eq. (EI0) v = [12]/[13],
so we get
(12)*([12][34] — [13][24])*[12](32)[32]
(12)[13]3[34]
(12)[14]°[12](32)[32]°
[13]°[34]
(12)(14)[14][12](32)[32]>
13]3[34](14)
I°[12](32)[3 2]

AR(1q_7 2;—7 3g 74q )|box coeff =

[
1414

[13]°
s33512(1 4][32]
(12)[13]

3233[12[]13[] [] ] (6.16)
In the above derivation we have been cavalier about signs and overall factors. Adjusting
those, this result agrees with the result in Eq. (ZG).

7 'Triangles, bubbles and rational terms

7.1 Triangles

7.1.1 Forde method for triangle coefficients

We will calculate the coefficient of the triangle integrals using the method of Forde [26].
We first review the case of three massless internal momenta, shown in Fig. [T in order
to introduce our notation which differs from that of Forde. Defining /1 and [s as follows,

A N Y (7.1)

the cut loop momenta (I = 0),7 = 0,1,2 may be written in the following general form

= B B () + T ) (7.2)
All momenta can be expanded in terms of massless momenta,
S
K, = K +2'K},
Y
S
Ky = Kj+ 7%{'{ :
S S
K; = —(1+72)K5 —(1+71)K§, (7.3)



Figure 7.1: Triangle diagram showing the momentum parametrization. All momenta are out-

going, Kl + K2 + Kg =0

where S; = K? and v = (K}|K}3|K}] = 2K5.K?. The inverse relations are,

Ko~ K — (S1/7) K% Kot~ K§ — (So/v)EY

) 7.4
1= (515:/77) L= (515:/77) (4
v can be expressed in terms of the external momenta,

Y+ = (Kl . KQ) + \/Z, A= (Kl ) - 5152 (75)

The spinor solutions for the [; can be expressed as a linear combination of the spinors for
K% and K3,

Ty
Uil = (K| +y(K3| . (L] = 7[K2| + K3 (7.6)

The on-shell conditions li2 =0 for 1 =0, 1,2 allow us to derive the coefficients, x; and y;,

o = Si(y+S2) xo:_Sz (v +51)
(v2 — S152) (72 — S5152)

S S1S2(y+S1) (v + S2)

=Yo— — = — s o =x0—1=—--1—"=/

y1="% ol v(v2 — 5152) ! 0 7% — 515

(7+51) So 5185 (7 + S2)

1= 2y =g+ 22 = 21220 2) g
2= v2 — 5157 SR (7?2 — S152) @7
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The spinor products can be expressed as follows

T —x 1
ih] = S RGKY) = KK,
b b t51 b
(Lh) =ty — yo)(K] K3) :—7<K1K2>,
To — X S
] = =R = ZHRGK]),
() = tlys—yo) (K] K3) = t{K} K3),
) = TR = (142 ) g3,
S
i) = e = K3 = (142 (et 1), (78)

So far this is just algebra, that we have performed to impose the three mass shell
constraints, 2 = (I—K1)? = (I4+K2)? = 0. From Eq. ([ZZ) we see that the parametrization
of the momenta is of the form

1
" =apt+ Za‘f + ab (7.9)

Let us assume that there is another | dependent propagator, say of the form, (I — P)2.
From Eq.([Z3) we see that this fourth propagator, were it to go on shell, would lead to a
term of the form,

2
(l—P)2:O—>—2ta0-P—za1-P—2a2-P+P2:0 (7.10)

This quadratic in ¢ will have two (complex) solutions that we can choose to partial
fraction, leading the following expression for the product of amplitudes at the vertices of
the triangle.

2 2 m
/ a1 007 A1 A243 = / dU o) [ 2> st + D
=0 =0 =0

polesj

Rest:tj A1A2A3
t—t;

(7.11)

The contribution of a triple-cut scalar box can be written down as follows

2 1 1 2 ) 5 .
/d4li1})5(l?)(l—P)2 R (/d4lg5(l?)t_t+ —/d4lg5(z§)q>

(7.12)
Therefore the terms with additional poles correspond exactly to the scalar box contri-
butions. What about the remaining terms? What relation do they bear to the triangle
coefficients. To provide the answer to this question we consider return to the parametriza-
tion of the momentum given in equation We note first of all that
b+ b4
<K1 ’K1’K2 )=0
b,+ b, £
<K2 ’K1’K1 )=0
b, & b, £ b, £ b, £
(I )RS K3 = 0

(7.13)
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Let us now consider integrals of the form
b,_ b7_ n
/d4l<K1 |MK2 > =0
151313

Ky Ky )™
/dﬂ% =0 (7.14)

Both of these integrals must be equal to zero. The former implies that all negative powers
of ¢ integrate to zero, whereas the latter implies that all positive powers of ¢ integrate to
zero, as a specific consequence of the momentum parametrization, Thus the result
for the triangle coefficient is simply given by the coefficient of ¢°.

7.1.2 Simple case

Pz%

e

Ps
- + —Pa

Figure 7.2: A triangle contribution

The neatest method to pick out the result for the coefficient of the triangle integral
has been given by Forde [26]. We shall explain the method by referring to the particular
case shown in Fig. This case is particularly easy since two of the legs are light-like,
but the method which we shall describe is able to handle more complicated cases. For
details, see the paper of Forde [26]. As before we choose to expand the momentum in
terms of

ly = aph + Bps + vebs + des, (7.15)
The conditions (lp + p3)? = (lp — p2)? = 0 fix a = 3 = 0 as before. However now instead
of two further conditions we have only one, namely l% = (. This fixes the product of

~v6 = 0. For the same reason as before, in this case we are obliged to take the case § = 0,
however ~ is unconstrained.

= ey (7.16)
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Note however that

/d4l <?;%Ll{]§|l2§] =0—- /d’y Jyy"for n>1

Because the momentum [y after integration can only give a term proportional to ps, p3 or
g" and (3|3|2] = (3|212] = (3]7*]2](3|v,|2] = 0. Thus after removal of the box component
which appears as a pole, the desired coefficient is obtained from the coefficient of 4°. In
general we can obtain the coefficient of the desired scalar integral by, taking the ~°
component of the expansion of v around infinity.

Results for triangles using the method of Forde. We shall need the amplitude for
quark-quark scattering.

("2l 8,l4]

M(g.27,30:4) = g
(32
_ 2W (7.17)

Hence we get

[210] . (o 3)° o \Li3)[41]
[l2lo] ~ (lols)  (l21)[Li2]
(3136121 (1 13)[4 12][l3 2] (3 12)
(312)[l2 lo]{lo 13) 13 2](l2 1) [1 12]
(3176121 (1 13)[4 12][I3 2] (3 12)
(3[18061512](l2 1)[1 Io]
(3176121 (1 13)[4 12][I3 2] (3 12)
(32)[2[1613)[3 2)(l2 1)[1 12]
(317612](117412(3]%514]
(32)[32](la 1)[112]

(7.18)

where in the second line we have multiplied top and bottom by [I3 2](3 ).
We now substitute the expression for the loop momentum which satisfies the three
momentum constraints

Uy = 2(217"[3] (7.19)
The above expression now becomes

y(v(12) + (13))(v[34] — [24))[32](32)
(12)(v[31] —[21))
We can partial fraction this result, to remove the box contribution, which obviously
corresponds to the pole; evaluating the remainder at v = 0 and using the Schouten
Identity Eq. we obtain
—s3.[14][32]  so3[14]?[23)?

12)B1P ~ [B1P[B4] (7.21)

(7.20)

Up to an overall constant this is the result given for Cy(p2,ps,0,0,0) in the full answer,
shown in a later section.
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7.2 The bubble coefficients

7.2.1 General methods

Techniques exist to obtain analytic results for the bubble [26, 27] and rational terms [2§].
Here we shall discuss a method of picking out bubble coefficients due to Mastrolia. Let
us consider the integral with two cut propagators in the centre of mass frame of P

/ 5T (12)5T (L = PY2) (1) = % / dos(l) (7.22)

where dfQ is the integration over the unit sphere. So in the centre of mass frame of P,
after imposing the delta function constraints, we only have to integrate over 6 and ¢.
Now since we are interested in isolating the poles in the function f(I) it is convenient to
get rid of the transcendental functions by performing the usual half-angle substitution.

0 1—172 2
T:tani, cos@zr;. sinﬂzr:a,p:exp(ié) (7.23)

In terms of these variables we can write

! /dQ / dcos 0 /%dgza / d jq{ dp (7.24)
_ — — .
T o8 Atz 1—1—7'2 omi pl=1 P

Defining z = 7p, Z = 7/p we obtain

47r 2711// Gz e 1+22 (7.25)

where the integration is over the whole complex plane, D. It is convenient also to examine
the decomposition of the momentum [. We decompose the momentum P = p+ ¢ in terms
of two massless momenta p and ¢. In the centre of mass frame of P we have that,

P = E(1,0,0,1)
qﬂ = E(170707_1)

0= 5lph*ld = B(0,1,0,0)
e = lab ] = B(0,1,-i,0) (7.26)
Parameterizing [ as follows
I = E(1,sin 0 cos ¢, sin @ sin ¢, cos 0) (7.27)
we find that
"= T2 —(P" + 22¢" + elz + e 2) (7.28)

We need the develop some familiarity dealing with integrals of the form in Eq. (Z2H]).
One way to perform the integration is to transform back to real variables. Thus making
the transformations z — z + iy, z2 — = — 1y,

1o e 1
_ 1 L 2
e (7:29)
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replacing 2z with 2 + 32 we can immediately perform the integration. This is not the
direction we pursue. Rather we want to perform the integration directly in the complex
plane using an extension of Cauchy’s theorem, known as the Generalised Cauchy Formula
or Cauchy-Pompeiu Formula.

Let f be an arbitrary function in a finite closed domain D bounded by a piecewise-
smooth curve L, then the Cauchy-Pompeiu formula states that[29]

1 drdy
2—71"5/Ld P Zo // 2 f(Z()), 20 € D (730)

RO

&E—F 8_y>’ z=x+ 1y

Let us first consider the case when f(z) is analytic. Then f; = 0, because an analytic
function cannot depend on both z and z. For this case we recover the standard Cauchy
integral formula,

f(z)dz

D 31
3 | 225 =t e (731)

Second, let us consider the case where f vanishes on the boundary of D, denoted by L,
so that we can drop the first term on the LHS of Eq. (Z30),

%//D E dudy = f(20), 20 € D. (7.32)

20 — %

So in general, to perform the integration of a function of the form

//Ddzdzg(z,z) (7.33)

The first stepﬁ is to identify the primitive of the function g(z, Z) with respect to z, keeping
z constant,

G(z,2) :/ dz g(z,%2) (7.34)

Thus at this point we have written the integrand in the form

1 _ oG
;//DdZdZ Gg, Gg = g (735)

Before proceeeding to perform the integration, let us examine the structure of G. Since
G is the primitive of a rational function, g, in general it can only contain two types of
terms,

G(z,2) = G*™(z,2) + G'8(2, 7) (7.36)

Now the double cut of a two-point scalar function is rational, whereas the double cut
of higher-point scalar integrals will contain logarithms. Since our aim is to isolate the
contribution from the two-point function, we can drop the logarithmic terms and retain
only the rational piece. We will return to this point in the next subsection when we
consider a simple example.

3Note that we could as well do it for z.
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In the case at hand, Eq. (LZ9), (i.e. the scalar two-point integral) we obviously have
no contributions from higher-point integrals. We take

9(z,2) = ﬁ (7.37)
and as expected the primitive of ¢ contains no logarithms.
G0 = ~ T (7.38)
Now performing the identifications
1
fz:m, 20=0 (7.39)

we can use Eq. (L32) to perform the integral in Eq. (ZZ0) to recover the standard result
for the angular integral. In general, in addition to the pole at z = 0 we will have other
poles at z # 0 indicating the contributions from higher point tensor integrals to the
two-point function.

7.2.2 Simple example

A four momentum satisfying the two on-mass shell conditions in Eq. (LZ2) can be written
as

1 _ _
M= ige- (D5 + 22ph + ez + €h32) (7.40)
where
T ST
&ij = §<Z|7 1] (7.41)

It is convenient to remove an overall scale, so we define a rescaled momentum. (I| =

VA, 1] = Vt|\] where

1 p?
= = 7.42
(I1+2z) (AP ( )
so that the rescaled momentum A is given by,
M= ph + 2zph + ey + ez (7.43)

As a warm up let us consider how various integrands appear when expressed in terms
of z and Z.

1 1
12(l — p2 — p3)? - (14 22)?
1 1 1
2 2 5 ——
2(l = p2)*(l — p2 — p3) 2p9 - p3 (1 + 22)zz
p By sl -
! R 1 py + 2Zp5 + ze3p + Zegs (7.44)

12(1 = p2)?(l — p2 — p3)?

2y - p3 (1+ 22)%2z
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P3 Ps

Figure 7.3: The double cut of the amplitude M(l)(lgl, 2+,35:45)

Obtaining the primitives with respect to z we get

1 1
12(l — p2 — p3)? - C2(1+ 22)
1 1 In(z) —In(zz+1)
B
2l = p2)*(l — p2 — p3)? 2pa - p3 z
" ot (ph — ph) — zehy + Lebs
12(l — p2)?(l — p2 — p3)? 2p2 - p3 (1+22)z
+ logarithmic terms (7.45)

Discarding the logarithmic terms we find the expected contributions to the bubble coef-
ficients coming from the scalar bubble and the rank-one triangle.

7.2.3 Application to Af(1;,2},35,4%)

qr%q>
Now we turn to the concrete physical example, shown in Fig. First we should write
down the amplitude for four-quark scattering, cf Eq. ([ZI1).

M(O)(1;,2;’,3é,45) = %@1|V”|p2]@3|7u|p4]m (7.46)
~ (p1p3)[pap2]
= ir)lp] (747)
~ (p1p3)[pap2](paps3)
~ {p1p2)[p2p1){paps) (7.48)
~ (p1p3)[p2p1](p1p3)
~ {p1p2)[p2p1){paps) (7.49)
_ (plp3>2 = [24]2 (750)

(p1p2)(paps)  [12][34]

In addition we shall need the amplitude for opposite helicity gluon quark scattering.

31)3(34
MOIF 2f 3, 47) = <12><<23>><<34>><41> (7.51)

Now we form the combination as indicated in Fig.

(31)° " [41)
(12)(23)(la3 1)~ [11][4123]

My, (=1, p2,p3,123) X Mpr(p1,1,—l23, pa) (7.52)
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We eliminate lo3 using the momentum conservation relation,
(Llxs)[lag 4] = — (| P|4] = (1 1)[14]

So we obtain

1 (31)3[41)2
23V14] ~ AOAaeD

M L X M R =
Putting in the integration measure and rescaling using Eq.([42])

b= /d415+(z2)5+((1 — P)*) My x Mg

B dzdz  (14) s93(3 \)3[4 ]2
- /(1+z2) 23) T+ 22) AN 2N

It now is useful to apply the Mastrolia expansion with vectors ps, p3

(21"13]

Ny

z
N =+ 22ps + 5 31y [2] +
Thus we have that

Al = J2+ 23
A = (@423

To evaluate the result we shall first find the primitive with respect to z

3[4 \J2
b= 23 RN }’{dz/d >\|P|>\ TN EN

The terms containing (| are of the form

(31)°
AIPIAPTAN2A)

A=

Using Eq. ([LE7) we make the following simplifications of the terms in A

BN = (23
(1A = (12)+2(13)
(2X) = =z(23)
AP = (23)(BA] = 2[2A))
Thus Eq. becomes
1 1

- 2(23) 2] - BAD(=(13) + (12))

(7.53)

(7.54)

(7.55)

(7.56)

(7.57)

(7.58)

(7.59)

(7.60)

(7.61)

By partial fractioning, obtaining the primitve with respect to z and dropping the loga-

rithmic terms we get

[2AJ(2(L[2]A] + (1[3[A) 2]

23)[BAPA2+3N2(2Nz — [3A)  2(23)[BAIA2 + 3N ([2M]z — [BA])?
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We now multiply by the missing factors

. 4 (7.63)

1A = [12]+2[13]
2A] = z[23]
3\ = —[23]

B o (12)[24]
4N = 24— 234 = -4+ 2

(7.64)

Taking the residue at z = —[12]/[1 3] which is the only pole that gives a contribution and
setting z = (12)/(13) we get

[12](5(13)[13] +2(12)[12])[24]
2(13)(23)[13]2((13)[13] + (12)[12])[23]?

(7.65)

Including all factors we obtain for the By(pas, 0,0) bubble contribution to the amplitude,

2

7.3 Gluonic result

Up to a sign the result for the lowest order cross section is, c.f. Eq.([Z2)

24]°

Affoc(l_ ot 3~ 4—-1—) = 4m

q24g999 % (7.67)

The full answer for the cut constructible part of the 1/N piece of this amplitude is

AR 2F 37, 4) = _QM[SSD( 0,0,0.0) — 5120 0.0.0)
4 qr9g g *q - [13]3[34] 128230\ P1, P2, P3,Y,U, U, 1200\ P1,P2,U, U,

B 81200(]912,})3,0,070) B 82300(1)2,1)370,070) - 32300(171,1723,070,0)]
I L 3

4[23”14][34] [82300(17172923,0,0,0) + 2B0(p23,070)]

[12][24] [24]2 -

" 4:D$2 GDMBQHBNM%QW f%@%ﬂﬁﬂ
_ g (1224

A3 (7.68)
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7.4 Singular behaviour at one-loop order

The results the infrared-singular behaviour of QCD amplitudes at one-loop order with
massless particles have been given in ref. [30]. The results are given in color space
notation, which has the advantage that it can deal with both quarks and gluons in a
seamless way. An explanation of the colour operators acting on simple state is given in
Appendix A of ref.[31]. The one-loop subamplitude MY (42;{p}) has double and single
poles in 1/e. The coefficients of these poles are given by the following formula

MG (1?5 o)) ms = IV (e, 1 {p}) M (1% {p}) s + O(e) (7.69)

We see that one-loop singularities are factorized in color space with respect to the tree-
level amplitude Mﬁ?}. The singular dependence is given by the factor I (1) that acts as a
colour-charge operator onto the colour vector 1M52>>.

I has the following explicit expression in terms of colour charges of the m quarks
and gluons that participate in the amplitude.

1 sin 2e—i>\ij7r €
i g j#i v

where e~ is the unitarity phase (Aij = +1if 7 and j are both incoming or outgoing

partons and \;; = 0 otherwise) and the singular (for ¢ — 0) function yiing

2% (€) depends
only on the parton flavour and is given by

- 1 1
2
The flavour coefficients T and ~; are
2 2 2
Tq:th:CF7 Tg:CA7
3 b0 11 2
— = 2 = —=—0Cy—=-TgrNy . 72
% =7%=5CF Y= 5 GCA 5 TrINy (7.72)

Note that in Eq. (CE9) the double poles 1/€? are factorized completely. If we expand
Eq. (ZZ0) in powers of € and then use the colour conservation relation, > ki T, =-T;
One obtains the result

IO, 1% {p}) = g* > 612 N T T;+0(1/e) = —% > TP+ 0(1fe) ,  (7.73)
i j#i i

that explicitly shows the absence of colour correlations at O(1/€?). Note that the single
poles 1/e will have colour correlations.

An important check on any calculation is that it reproduces the correct result for
the 1/€2,1/¢ poles. The form of the singular behaviour has been given by Catani and
collaborators in ref. [80] for the case of massless quarks and for massive quarks in ref.[32].
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7.5 Assembling it all: Inserting the integrals
The result for the box integral with all external lines light-like is,

M2E

512523
2 . N—€ . N—€ —S812 — 1€
X [6—2 ((—312 —ig) " 4 (—s93 — i) ) — In? (7

117=72%(0,0,0,0; 512, 523 0,0,0,0) =

) - ﬂ +O(e). (7.74)

—893 — 1€

Triangle with two massless external lines

2e 2 s \—€
[§D24_26}(0707p2;07070) = £ <M>

2 2

_ %(éJr%ln(_pfi:E)Jr%ln? (ﬁ)) + Otap)

Indeed since the triangle integral above, only provides a double pole, its coefficient can
often be guessed without calculation, in order to reproduce the known IR behaviour.

2
D=4—2¢ 1% ef1
BP=9 0% 0,0) = <m) (E‘FQ)
_ 1 Z
— —+ln<_])27)+2+(9(6). (7.76)

The final result for the color supressed in the one loop qggq amplitude, can be obtained
by substituting these integrals in Eq. (Z68]),

3
A1 ,25,3;,48) = Qz(ﬂz)ecr# [— l( —s23)"° — i(—823)_E - g

qr=grYg > 7q 14] [2 3] [3 4] 62 26
1 893 523 512\ 2 512 2353
55[(1 oy (8_23>) in <8_23> t g] : (7.77)
and cr is 2
1 T T2(1 —
= Ao (7.78)

(47)%—e I'(1 — 2e¢)

After taking acccount of the different regularization scheme (four-dimensional helicity vs
't Hooft-Veltman) that we are using, this result is in agreement with ref. [33].

7.6 Rational terms: Axial anomaly

The material in this section is taken from ?7. One of the manifestations of the Adler-
Bell-Jackiw axial anomaly in QED [34] 35] is the peculiar property of the matrix element
of the divergence of the axial current J, 3 = 9,759, where v is the “electron” field, taken
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between the vacuum and the two-photon states. For massless electrons, such a matrix
element reads

2
Mapy = <7(k717)‘1)/7(k27>‘2) | 8MJ3(0) | 0> = 26?6MVAPE>{M]{:1V€§A]C2P, (779)
where k12 and ej o are momenta and polarization vectors of the outgoing photons with
helicities A1 2. The matrix element M4p; is purely rational. Below we derive Mg
using the algorithm of D-dimensional unitarity.
The amplitude Mgy is given by the sum of two triangle Feynman diagrams with the
electron loop. The matrix element is written as

ie2 dP1
Mapy = / i

(47)(D/2) m)(D/2)
1671+ k)3l + bao) (7:80)
5 € 1)€ 12
Tr r 1 2 12
X {k‘12 5 lz(l + k’l)2(l + k‘12)2 + ( - )} ’

where k1o = k1+ko. The external momentum and polarization vectors are four-dimensional,
whereas the loop momentum and the Dirac matrices I'* and the matrix I',, are continued
to D-dimensions, following the discussion in Section ??. We note that I',, in Eq.(ZS0)
denotes the D-dimensional continuation of the matrix 5. We perform such a continuation
following t'Hooft and Veltman [5]. It is defined by the set of commutation relations

{r*,I'y,} =0, for p=0,1,2,3

7.81
[, Iy]=0. for p=4,...D—1 (7.81)

Equation (ZR0) defines the integrand function of the loop momentum integral but
it does not define it uniquely. This is not a problem since the integral is regularized
dimensionally and shifts of the loop momenta are allowed. We will exploit such shifts
to simplify the computation. To this end, we split the integrand in Eq. ([C80) using the
identity R o R R

k’mF% = (l + k‘lg)F% + F%l — QF%ZE, (7.82)

where lc = (I - n¢)n, is the (D — 4)-dimensional part of the loop momentum. After the
split, the trace in Eq.([Z80) gets additional terms

1&5(0 + ky)es(l 4 ko)
P14 k1)2(1 4 k12)?

et (I + ky)es(l + ko)
Try = —2Tr{ [ [ —L 2 12 )
f r{ PR+ k1)2(L+ ki2)? =2, (7.83)
+(1<—>2)}.

lex(l+ kn)és N el + k)es(l + ko)
P2(1+ kq)? (I + k1)2(1 + k12)?
However, it is easy to perform shifts of the loop momenta of the type [ — [ — k; o forcing
contribution due to Trp to vanish. This allows us to re-write Eq.([Z0) in a simplified

Tr {fmr% + (1 2)} = Try + Tro,

Tro =Tr {va
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form
ABJ Z( )(D/2) ABJ 1, 2,61, €2, )

ie1(0 + ky)es(l + ki2) (784)
;e 1)e 12

Taps =~ Tr { Tyl 2 1<2)s.

ABS T (4 (D7) r{ RO R+ )2 T )}

Since the integrand Z4p is proportional to l;, its cut-constructible part vanishes and its
OPP parametrization becomes simple

- Cllg Cglz bllg bglz
dodidia ~ dodadi2  dody  dodo
bsl? byl? bs12
sle | bale | bsle
didias  dedia  dodia

We use dy = 12, di = (I+k1)?, do = (I+k2)? and d12 = (I+ki12)? in Eq.(ZRH). Although we
work under the assumption that electrons are massless, we note that all the manipulations
we did up to now remain valid also for massive electronﬂ. In the massless electron case
some of the bubble integrals are scaleless and therefore vanish, but the residues of the
corresponding integrands do not vanish and are, in fact, mass-independent. We will show
below that ¢; = c2 and b;—1_5 = 0.

In the case of closed fermion loops the Dirac algebra has to be performed in six
dimensions with five-dimensional loop momentum [ = l§24) + . , where using the notation
(lo, 11,12, 13,14,15) we have that [, = (0,0,0,0, 1,0) and [? = —pu?. As explained in Section
6.2, for six-dimensional Dirac matrices we use the simple representation

0 i
o_ (7 O i=123_ (7 O
"= ( 0 ,70 > ) r - ( 0 72 > )

0 7 5 0 5 v 0
= , o= , I = .
( - 0 ) ( s 0 i 0

Note that for our choice of I, I'> never appears in Eq.(Z84). Finally, we choose a special
reference frame where

Taps(l)
(7.85)

(7.86)

]{,‘12:(771,,0,0,0,0,0), k12:

)

m m
_7i_70707070) 9
<2 2

(0,0,1,412,0,0), [, = ae] + fe;.

1 (7.87)
ef, = —
1,2 \/§
With this choice of the polarization vectors, it is clear that efk; = 0, (i = 1,2). The
coefficients ¢y, c9,b1,...bs can be obtained by evaluating triple cuts and double cuts on
both side of equation ([ZXH).

We begin by considering the triple cut specified by the condition dy = dy = dy2 = 0.
Decomposing the loop momentum on the cut as

B =2kl + okl +1F, =10 R, (7.88)

4 In the massive electron case, the divergence of the axial current involves a canonical term O Jt = 2mapys1p,

which should be treated separately.
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we find that 1 = —1, 2o = 0 and 2= li + 12 = 0. Taking the dg, dy, d12 residue of the
left hand side of Eq. (8H) we obtain

Res (IABJ) ‘d0=d1=d12=0 =
—2ie?

R (7.89)
(4m) D/ }-

Tr {r%z;(il i —kery +i0esl +1 + k)

It follows from Eq.([Z8Y) that the triple cut residue is the fourth-order polynomial in
le. However, it is easy to argue that only limited number of terms can contribute to the
trace. Indeed, for our choice of the loop momentum, lAE is proportional to I'* in Eq.(Z30))
while all other terms in Eq.([Z89) are linear combinations of I'%123, Since the former
is block off-diagonal while the latter are block-diagonal, terms with odd number of I.’s
do not contribute to the trace. In addition, for the trace in Eq.[ZX9) to be non-zero, at
least four v matrices are needed in addition to I';.

Since I, anticommutes with all other matrices of the trace, the term with four I,
vanishes. We conclude that the only term that contributes to the trace is quadratic in
l.. Finally, because I, can be written as a linear combination of e} and ¢}, only terms
that contain two [ and no | terms give non-vanishing contributions. Taking all this into
account, we arrive at a simple expression for the trace and the residue

2ie?

€ T T oNAR T\ s/,
Tr {r%lg(kl)el(lg)@(@)} . (7.90)

Res (Zaps) ldo=dy=d1z=0 = W

Since the residue of the right hand side in Eq.(Z83) is ¢11? we derive the value of the ¢;
coeflicient
9D/2+1 2

(4m)*
Finally, because of the 1 «» 2 symmetry, we find ¢3 = ¢;.

We next proceed to the double cuts. Apart from obvious changes in the physical and
transverse spaces, the only new feature is that on the right hand side of Eq.([.85) we get
the double cut contribution also from the triple pole terms. We illustrate the calculation
of the double-pole terms taking dy = d; = 0, as an example. Although this is a double
cut, the reference momentum is light-like k? = 0, so the parametrization is subtle. We
parametrize the loop momentum on the double-cut as

¢ = E“V’\pe’{uklyez)\kgp. (7.91)

lgl = ‘le'f + xgkg + * (792)

and use 12 = 0,1-k; = 0 to find 2o = 0 and {2 = 0, while z; is unconstrained. We compute
the do, d; residue of the left-hand side of Eq.(IZ8H) using the expression in Eq.([Z84]). We
obtain

—2ie? 1 ~ .
Res (IABJ) ‘d0=d1=0 = TI‘{P-YSZE(ZJ_ + 1 + xlkl)

(477)% (I + k12)? (7.93)
X éI(iJ_ + (1 + xl)kl + lAe)é;(lAJ_ + l; + xﬂ%l + /;312)}.

Similar to the triple-cut case considered earlier, only terms quadratic in I, contribute.
The non-vanishing terms are proportional to ko and, after some algebra, we find that
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all terms proportional to x; cancel and the result is simply expressed through the c;
coefficient in Eq.([Z31)

l2
Res (ZaBJ) |(dy=dy—0) = 61( = (7.94)

[+ k19)?

Since the (dy, dy )-residue in Eq.([Z83) is ¢112/d12+b1, we find by = 0. A similar calculation
proves that other bubble coefficients also vanish. To obtain the final result, we need the
value of the triangle integral

/d—Dli——l—kO(D—él) (7.95)
(2m)P dodyds 2 ’ ‘

and the value of the coefficient ¢; from Eq.([C31]). Adding the two triangle contributions
and setting D = 4, we obtain the anomalous amplitude M 4p; shown in Eq.([Z79).
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